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PREFACE. 



Thb object of this work is to explain, illustrate, and apply 
the fundamental principles of the Calculus, in such a manner 
as to bring them within the comprehension of a student, 
having merely a knowledge of ordinary Algebra and Trigo- 
nometry, and to enable him to undertake the perusal of such 
valuable practical works as "Moseley's Principles of En- 
gineering," "Navier's L'Application de la Mecanique," 
"Whewell's Mechanics," "Hann's Treatise on the Steam 
Engine," &c. 

•To a person merely acquainted with ordinary algebra, the 
' Calculus must^ at first, appear mysterious and metaphysical ; 
for he has to view abstract quantities, not only in an iso- 
lated form^ but as admitting of continuous changes, and of 
taking certain finite ratios as they approach zero or infinity. 
The principle involved in a limiting ratio must, however, be 
eventually understood by every student who wishes to make 
a satisfactory progress in this branch of analysis. I have 
adopted the method of limits almost exclusively in this work, 
because it appears to be the most natural and consistent 
foundation of the Calculus; and with the view to simplify 
this method as much as possible, I have fully explained and 
applied it in the preliminary portion of this treatise, apart 
from the conventional and abstract notation by which the 
condition of a limit is usually expressed. 

It is highly desirable that Teachers and Practical Men 
should possess some knowledge of this most important branch 
of pure mathematics, in order to enable them to understand 
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our best works on mechanical and experimental philosophy. 
The great physical laws, by which it has pleased the Almighty 
to govern the universe, must always form a lofty subject of 
contemplation to his intelligent creatures; but these laws 
can only be duly interpreted by the aid of the symbolic 
language of the higher analysis. 

As a complete knowledge of a great subject, like this, 
cannot be obtained from the perusal of one book, those who 
aspire to a further acquaintance with the higher parts of the 
Calculus must study the works of De Morgan*, Moigno, 
O'Brien, Hymers, Gregory, Price |, Hall, MoseleyJ, and 
Young. 

T. TATE. 

Battersea, Feb, 1849. 

• « De Morgan's Calculus " is the largest work on the subject in our 
language. 

f On the method of Infinitesimals. 

^ On Definite Integrals, published in the " Encyclopedia Metropo- 
litana." 
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INTEODUCTOBY PRINCIPLES, &c 

1. Thb quantities used in the following work are of two 
kinds, constant and variable. 

A constant quantity always preserves the same value 
throughout an investigation, whereas a variahU quantity 
in general admits of taking any value we may please to give 
it. Gonistants are expressed by the first letters of the 
alphabet, and variables by the last letters : thus, in the ex- 
pression a +60;^ the letters a amd b are constant quantities, 
and X is the variable. 

2. When a quantity changes gradually, or passes from 
one value to another, by going through all the intermediate 
values, we say that it varies continuously ; and, on the con- 
trary, if the quantity changes abruptly in going from one 
value to another, we say that it varies discontinuous^. If 
a body move in a curve, its distance from a fixed point will 
vary continuously ; but if, on the contrary, the body should, 
as it were, leap from one point of the curve to another, its 
distance from the fixed point will vary discontinuously. 
All quantities are supposed to vary continuously in the 
differential calculus. 

3. When a variable and constants are in any way com- 

B 



2 INTRODUCTORY PRINCIFLES, ETC. 

bined in an expression, that expression is said to be a 

function of the variable; thus V^a+ftar+cx*, (a+^a;)», a', 
sin. (a+A;), are all functions of ar. Functions are expressed 
by placing the symbols^ p, &c. before the variable. Thus, 
if y^ia-^-hx—cs^y we say that y is a function of ar, and we 
should express this relation generally by writing y==/(aj). 
The letters f, f, used as the symbols of a function, denote 
the way in which the variable is combined with the con- 
stants which enter the expression. It is important to 
observe that f{x) denotes an expression different from y{x) ; 
and, moreover, in the functions f{x) andy(y-|-A), we are to 
* understand that, whatever may be the form of the first ex- 
pression with respect to x^ the second will have the same 
form with respect to y+A. 

THE BINOMIAL THEOREII. 

4. This theorem enables us to raise a binomial to any 
power, without going through the process of multiplication. 
The following is the simplest form of this theorem : — 

(1+0?) =^1 + 1^^—172"^^-^ 1.2.3 ^ -^^^- 

It will be afterwards shown that all other cases may be 
reduced to this form. 

For the sake of conciseness, putting Aj, A^, &c., for the 
coefficients of or, a^, &c., we have 

(l-fa:)»=l+AiiP-fA2ar2+ . . .+aX, . . . 
where the coefficient of the general term is 

_ n (y^ — l)...(w— r+1) 
'^"" 1.2.3 T 

5. To prove the binomial theorem when the index is a 
positive integer. 
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By multiplication we know, that 

(l-ha:)2=l-h2a;-fa:«, 
(l+a;)8=l+3a;+3a;2+a!», 

where it will be seen that the coefficients are formed ac- 
cording to the law in the preceding development. 

We shall now show that if the law for the coefficients be 
assumed to be true for any one power of 1 -far, it will also be 
true for the next higher power, that is, if it be true for 
(1 -fa;)*"*, it will also be true for (1 +a;)*. 

Let us suppose that (1 -f a;)"-* = l +aia?-f aja?*+&c. . . (1), 
where a^i a^ &c. have the same form in reference to n — 1, 
that Ai, A2, &c. have to n, that is, 

_ («-l)(w-2) « 
ai=»-l, 03=^^ 1-^^ ^,&c. 

Multiplying both sides of eq. (1) by 1 -|- ar, we find 

(l+a?)»=;:H-(l+a,>+(ai + a2>*-f(aa+a3y*+&c., 
where the coefficient of af will obviously be fl^i+ar. 

But l+ai=:l+it— I=lt=Ax, 
ai+aj=«-l-fl j^ /=(n-.l)|l + -^ j 

-■ ~r72 "^2» 

and so on. Grenerally the coefficient of af, or o,._i +0^ 

_ (n-l)(»-2) . . . (w-r-f 1) (n-l)(n-2) . . . (w-r) 
"" 1.2.3...(r-l) "^ l-2.3...r 

_ (w-l)(w~2) . . . (w-r-f l) f. .»-^l 
"" I.2.3...(r-1) I "^ r J 

_ w(»~l)(n-2) . . > (n-r-f 1) _ 
"■ 1.2.3...r "■^' 

/. (l+a;)"=l+Axa?-f A2a?2+ . . . +aX+ &c. 
Hence it appears that if this formula be true for any one 

a 2 
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power, it is also true for the next higher power ^ but we 
know that it is true for the 2nd and 3rd powers^ therefore it- 
is true for the 4th power, and therefore for the 5th power, 
and 80 on by continued inductions we conclude that it is 
true for the nth power. 

6. To prove the binomial theorem^ when the index isfrac^- 
tional or negative. 

Multiplying together the developments of (1+a;)* and 
(1 +3?)"', established in the preceding article, we have, 

(1 +a?)» X (1 +a:)«=(l +a;)'^= { 1 + ja?+5^^^arV «w. } 
x{l+^^+??^);c« + &c}. 
But (1 +:r)-^=l +(?^+(^^ 

=1+--^— ^i- ^ Y 2 ^a:2+&c . . . (1). 

Now although n and m were, in the development of 
(1+a?)" &c., restricted to integer values, yet it is evident 
that the expression for the above product, if true at all, 
must be true for any values that may be given to n and m. 
This result might be verified by actual multiplication, but 
the operation is tedious. 

Let y(«)=l+?ar+^?^^a:2 + &c. . . . (2), 
whatever may be the value of n ; then 

and/(w+»»)=l + --p-ar+^^-i — ^^^ ^a^«+, &c. 
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Hence by eq. (1) wc have, 

/(«)x/(«i)=/(«+m), 

whatever may be the values of n and m. In like manner, 

/(«) x/(w) xf(j>)^f{n+m) xf(j>)=f(n+m+p\ 

and ^ on to any number of factors ; thus it appears that the 
product of any number of series, such as that expressed by 
y(n), will produce another series having the same form. 
Hence we have, 

= / T— 4— +&C. to m termsj 
but when i» is a plus integer /(«)={!+«)" ; 

taking the mth root of both sides of the equality. 

Hence the series symbolised by/(n) is the development 
of (1 +0?)", when.n is a positive integer or fraction. 

Let us now consider the case/(— «), where n may be in- 
tegral or fractional. 

/(fi) x/(-n)=/(n-«)=/(6)=l, 

(because the series (2) becomes unity when ^=0), 

Hence the series symbolised byy*(») is the development 
of (1 +^)*9 when n is negative and any integral or fractional 
number. 

Generally, therefore, whatever be the value of the index 
n, we always have, 

(1 +xy=f(n)=:l+^+^!(2=n>^+ &c. 

a 3 
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Lastly, because 

= a" + T cT-^x + -Y~2 -''a»-»a:» + &c., 

which is the most general fonn of the binomial theorem^ 
where 

the (r + 1 )th term = -^^ — , ^^ ^"^ -^— ^a'-'^af^. 

INDETERHmATE COEFFICIENTS. 

7. If the equality a-^-bxssA+Bx be true for every value 
ofx; then a=A, and 6=b. 

For as the equation holds true for any value that may be 
given to Xy let x=ny 

subtracting this from the proposed equality, 

&(«— »)=B(a:— «) ; 

/, bssBy and .*. a=A. 

The equation a+&r=A+Kr, differs essentially from ordi- 
nary equations where x admits of being determined in terms 
of the constants ; whereas in the equation here considered x^ 
admitting of all values, is an indeterminate quantity ; thus 

we finda;=Y- — y but since a=A and 6=8, we have a?=p:, 

a result which, in the present case, is the symbol of an inde- 
terminate quantity. 

In general, if a4-&c+ca:2+ &c.=A+Ba:+ca2+ &c., be 
true for every value of x ; then asA, 6sb, «=g, &c, that 
is, the coefficients of the like powers of a; are equal 
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As anyyslne may be put for x, let a;=0; then a=A; 
taking a and a from the original eq., we have, 

bx-\-ca^'\- &c.=Ba:4-ca;2+ &c.; 

here x may take an^ value we" please, hence we may now 
consider it as some definite number ; therefore dividing each 
side of the equality by x^ we have, 

bi-cx+ &c.=B+c«+ &c.; 

here again' as an^ value may be put for x, let x=^0; then 
6=B. Proceeding in this way, we find, c=o, (/=d, and so 
on. 

l--2a? 
Ex. 1. Required three terms of the quotient of , . . 

1— 2a? « « 

Leti — 7-=A+Ba?+ca8*+ &c.; 
1+4* 

where the coefficients a, b, c, &c., remain to be determined. 
Multiplying each side of th^ equality by 1 -1-40?, we have, 

1— 2a?=A-|-Ba?+ca?2 4- &c 

+4Aa?-f 4Ba?^+ &c. 

s= A + (4a + b)« + (4b + C)X!^ + &c. 

therefore equating the coefficients of the like powers of a?, 
A=l; 4A+BS— 2, /. B=— 2— 4a=— 6; 
4b-|-c=0, /. c=— 4b=24 ; and so on. 
1 -2* 



• • 



1-1-44? 



=1— 6x-|-24j72- &c. 



1 

Ex. 2. Resolve 7 — ^-rr^ — -55^7 — -^ into its partial frac- 

(«?-|-l)(x4-2)(a:-f.3) ^ 



tions. 



J 1 _. A B , C 



B 4 
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where the coefficients a^ b, and o remain to be determined ; 
multiplying both sides of this eq. bj (*+l) (*+2)(«+3), 

l=A(a;+2)(ir+3) + B(:p+l)(:p+3)+c(*+l)(a:+2). 

Since any value may be put for ar, let a: = — 1, 

then 1=a(-1+2)(-1 + 3), /. A=i; 
let«=— 2, then 1=b(— 2 + l)(-2+3), /. B—-1; 

let «=-3, then l=c(— 3 + l)(-3+2), .*. 0=^. 

. 1 _ 1 L+ _J 

•• («+l)(»+2)(«+3) 2(*+l) *+2^2(*+3y 

Ex. 3» Resolve 7^-; — ^7, — r-^ into its partial fractions. 

(l-|-ar)(li-6ar) ^ 

J . A + BJf ; _ F . ..Q 

multiplying both sides of this eq. by (1 + or) (1 +6a?), 

A+Ba?=p(l + 6«)+ft(l ■\-ax). 

Since any value- may be put for x^ let x=: — , so as lo make 
I4.ax=:0^ then A — =p[1 — J, 
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letoras— 7, so as to make l+aar=0^then a— ^ssQ^l — , J, 



_A^— B__ a6— B 

A + B* _ Afl— B A& — B 



•• (l+aa?)(l+&r) (a-6)(l+ar) (a-6) (1 -f-^a?)* 

8. To expand a*, or to prove the truth of the ^ponential 
theorem. 
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a*=s, {l4.(tf.i)}« (expanding by the lonomial) 

= l4-A*+A2**+A8a:5+&c.; 

where A=(a^l)-i(a-l)«+i(a-l)a-&c., 
and K^ K^ &a also depend npon powers of a— 1. 

We are therefore at liberty to assume that 

a*=l+Aar+A8a?HA3a:» + &C. ... (1) 

and putting 2af for x^ we have, 

a«*=H-2Aar+4A2*H8A^+&c. ... (2) 

But by actually squaring both sides of eq. (1), we have, 
aa*=l+2A«+(AH2Ag>8+(2A8+2AA2)^+&c. . . i (3), 

Hence equating the coefficients of the like powers of x in 
eq. (2) and (3), we have, 

A^ 

4Ag=A«+2A2, .•. Aj=2-; 

8A3=2A3+2AA^ /. 6A,=2AAa = A3, /. A3=:2--g ; 

and so on to the other coefficients. 

••• «'=^+T-^iT2+T:2T3+r:2737i+*^- 

C)on 1., If « be put for that value of a which makes A3= 1 ^ 
then 

«'=^+'+o+r:T:3^**" 

B 5 
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In order to find the numerical value of e, let x= 1, tben 
«=l + l+j^+j-;^+&c.==2-71828, &c. 

It is important to observe that e or 2*718289 &c. is taken 
for the base of what is called the Napierian or h3rperbolic 
logarithms. 

Throughout this work the logarithms of any number n to 
the bases a and e, are thus expressed, log^n, and loge». 
Hence log^a^l^ because the exponent of the bftse a to pro- 
duce the number a must be unitj) or a:=ia^, 

9. In the general equation for a* let arss-, or Axr=:I, then 
a^=l + l+j^-hj-i-g+&c.=2-71828, &c.=e. * 

taking the logarithms of each aide of these two equations, 
viz., of the first when a is the base, and of the second when e 
is the base, 

logae=7, andlogea=A ... (1) 

by multiplication, 

log„cxlogea=l, /. logics J— . . , (2) 

From eq. (1) we have, 

log,a=A=(a-l)-i(a-l)2+i(«-l)'-&c- • • • (3). 

10. Tofindthesumoftheseries l»+2«+324- . . . +«». 
Let Sj be put for the sum of the proposed series, and 8| 

for the sum of the arithmetical series 1+2+ . . • +n, then 
in the expansion, 

(«-l)a=a?3-3««+3ar-l, 
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take X successively equal to 1, 2, 3, ... n, add the result- 
ing equations, and cancel the common terms, and we shall 
have, 



=s 

18 = 
2» = 



l»-3.1H3.1-.l 
2«-3 .22-1-3.2-1 
3»-3.3«+3.3-l 



(n-l)3=it»-3 . «« + 3 . »-l 
=n8— 3 82 + 3.s,~ie 



■^T"^2'"^6* 



y 



pi 



M 



M 



EQUATIONS TO CDKVES. 

XL We now proceed to treat of the equationa to the 
straight line, the circle, and those other curves which are 
of the greatest practical importance. 

The position of a point is deter- 
mined when its distance from two 
given straight lines is known. Thus, 
let ox, and oy be two straight lines, 
perpendicular to each other, then "*r 
the position of a point p will be 
known, when the perpendicular dis- 
tances PN and PM, from the given 
Knes oa^ and oy are known. The Hues ox and oy are called 
axesy and on (=mp) and pn, the ordinates of the point p. 
The perpendicular pn is caUed the ordinate^ and its length 
is expressed by y ; on is called the abscissa, and its length 
is expressed by ar ; pn and on taken together, are caUed the 
coordinates of p ; and the point o, the origin of coordinates. 

Ex. If 0N=4, and pn=3, then to find the point p ; from 

B 6 
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a scale of equal parts take OK=:4; draw np perpendicnlar 
to o^v and from the same scale of equal parts, take kp=3 ; 
and p will be the point required. 

12. If ON=ay and np=:6, then x=a, and y^h, are the 
equations to the point p. 

x=^ay and y= 6, are equations of a point P], situated in 
the angle y oa;|. 

ar=— a, and y:=.^b^ are equations of a point P2 situated 
in the angle yiOXi. 

x=i'\-a, and y^-^by are equations of a point P3 situated 
in the angle yiOx. See the Principles of Geometry and 
Mensurationj p. 94. 

13. K in the curve pqb, the relation of 
the ordinates to their corresponding ab- 
scissa be expressed by an equation, the 
curve itself maj be drawn by finding 
different points in it. Thus, let y=a?* — 
3ar+3 be the equation of the curve, or 
the equation expressing the relation be- 
tween any ordinate and its corresponding abscissa : then 
taking x or on= 1, we have y or np= 1^—3x1-1-3=1, hence 
the point p is determined. Taking x or om=2, we have y 
or MQs=2^ — 3x2+3 = 1, hence the point q is determined. 
Taking x or os=3, we have y or sr=32— 3x3 + 3=3, 
hence the point b is determined. And so on to any number 
of points. 

In general the ordinate of a curve is always some function 
of its abscissa, hence the equation of a curve is generally 
expressed by the equation y=f(x). We propose to deter- 
mine the peculiar form of this equation for various curves 
having some given property or mode of generation. 
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The EquaHon to the straight Line. 



14. Let cp be the straight 
line, and ox and oy the axes. 
Put 0N=a7, NP=y, 0B=5, 
and tan Z. 0=a ; then draw- 
ing Bn parallel to oar, we 
have 




p« , 
. — =tanZ.PB«=stanZ.o=a. 

But p«5=PN— BO=y— 6, and Bn=ON=a:, 

y—b 

X ' 

Since P is any point in the straight line op, the relation 
of X and y, expressed in this equation, also contains the 
relation of the co-ordinates of every point in OP; hence the 
above expression is called the equation of the straight line. 

Cor. 1. If the line be drawn through the origin o, then 
OB or 6=0, and .\y=aa;; 

this is the eq. of a Une drawn through the origin. 

15. Given, the equation to a straight line to construct it. 

For example, let y=ax—b, be ^ 

the equation. 
When a?=0, thenyrr a X 0— 6= — ft, 
that is, when the absdssa is 0, the- 
ordinate ob is — ft. Or the line cuts 
the axis of y below the origin. 

Wheny=:0, then ax^b=0, and 

ft 
:c=s 'SOP. 
a 
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16. The eqwUion to a straight line drawn through a given 
point. 

Let ^z=:ax'\-b be the equation to the line, and t/, and x^ the 
co-ordinates to the given point ; then, as y^ and x^ are co- 
ordinates of a point in the straight line, we must have, 

$f,==ax,'\-b 
andy= gj?4-6 

17. To find the equation to a straight line which passes 
through two given points, 

Letf/ssax-j-b be the equation t6 the line, where a and b 
are to be eliminated bj means of the given co-ordinates 
X, and ^, of the one point, and x^^ and y,, of the other. 

/. y^=:oa?^+6...(l) 
and y^,=aa?^^+6 ... (2) 

x^—x^^ 
Sincey=:€u;+5 
andy^sad?^+^; 

by substituting the value of a. 



Equation to the Circle, 

18. Lei ODso, DC=i3, be the co- 
ordinates of the centre O; and ON=jr, 
and NPssy, the co-ordinates of the point 
p in the circumference ; 

then p«2+cn*=0P^ or r^ ; 

but P»=:NP— DC=sy~ft 

and c«=:OD— ON=a— a?; 
.-. (y-/3)«+(»-«)«=A 



y 


p 


>-* 


p 


o 


N 


I 


1 ' 
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Car. 1. If the centre c be on the axis ox, and the cir- 
cumference be on the origin o, then do or j9=sO, and od or 

and /* y-=2ra?— a;^. 
Car. 2. If the centre c be in the origin o, then /3=0, and 
a=0; 

Equation to the Parabala. 

19. Let QK be a given fixed 
line called the directrix, f a fixed 
point called the focus, and p any 
point in the curve, then the cha- 
racteristic property of the parabola ^ 
is, that the distance pq of the point 
p from QK is equal to the distance 
PF of this point p from the focus. 

Through f draw afx perpendicular to QK ; bisect f a in o, 
then o will be a point in the curve- 
Let OA=OFssa, ov=zXf and np^^t. 

Now FP*=PN*^+NP* ; 

but pp=sQP=AN=OA+ON=a+ar, fn=sON— OFss^—a, 
and NP:sy ; therdfore, by substitution, 

(a +«)*=(«-«)> +y«; 

Now, as this equation is true for any point p in the curve^ 
it will express the relation of the co-ordinates of every point 
in the curve ; hence this relation is called the equation of 
the curve. 

, Car. Let pp=r, and £PFN=d, 

then r=PP=AN=AP+FN=2a-|-rco8PPNs=2a4-r cos ^; 

2a 




.*. r= 



1— cosd' 
This is called the polar equation of the parabola. 
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Equation to the Ellipse, 

420. If two lines fp and f^p revolve about two fixed points 
F and F| called the foci, in such a way that we always have 




FP+F,p=2a, a constant; the curve traced by the point of 
intersection p is called an ellipse. 

Bisect FFj in c, and take CA=:CD=:a, then the curve will 
pass through a and d ; through c draw bcm perpendicular to 
ad; with F as a centre, and radius equal to a, describe an 
arc cutting this line in the points b and m, then the curve 
will pass through B and m, because FB=rF|B=a, and /. fb 
+FiB=2a. 

Let CN=a?, NF=y, CB=6, FP=di FiP=rf^; and as cp 
must be a certain part of cd, let of or CPi=ae, which is 
called the eccentricity. From the right-angled triangles, 
PNP and PiNP we have, 

FP* or(?=NF* + NP'=:(ae — 0?)*+^, 
F^p or rf,*=KFi*4-NP*=(ae+ar)*+y*. 

Hence we have, by addition and subtraction, 

rf;+(?=2(aV+a:«-hy«) (1) 

d;^€P or (dr^+c0(rf,-<0=4aea? . , (2). 
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Butd'^+d=2a....(3) 
by substituting in (2), 2a(d'^— (fj=4aear, 
.% d^'^d=:2ex . . . (4) ; 
adding and subtracting (3) and (4), 

substituting these values in eq. (1), 

2(a V + ar2 +y2) - (« ^ cxy + (a - ea?)* ; 

=(l-.e«)(a2-.a?2). 

In order to eliminate e from this equation, we have, 
CF»+CB«=FB«, that is «V+6*=o', and 

.-. y»=^ («»-<«') • . . (1) 

Cor. 1. Let A be the origin, and put ANrta^i ; then 
a?i=AC+CN=a+a?, .*, x=Xi^a. Substituting this value 
of a; in eq. (1), we find, after a little reduction, 

y«=|*(2aarj-;ci«). 

This is the equation to the ellipse for the co-ordinates an 
and NP, or when the origin is taken at A. 

Cor, 2. Let a circle be described upon the major diameter 
AD of an ellipse, A B DM, then putting Xi^an, and NPi=yi, 
and AD=2r=2a, we have by Cor. 1. to the equation of the 
circle, Art 18. 



Id 



INTBODUCTOBT PBINCIPLES, ETC* 



but by the last Cor. the equation to the ellipse is 

V h 
hence by division, —=-• or np I np, :: bc I AC. 

Cor. 3. Let c be the pole ; join o and p ; put CP=r, and 
Z.PCD=d. Then cn or a?=r cos fi, and np ory=r sin d; 
substituting these values in eq. (2) of the ellipse^ we have, 

r* sin 2d . r^cos' 



^ 



.— + 



o' 



=1; 






ab 



V62cos»«+aasin2d V l-c^cos^d' 
by substituting 1 — e^ for -^ and reducing. 
This is called the polar equation to the ellipse. 

Equation to the Hyperbola. 

21. In the hyperbola 
the difference between 
FP and FjP is a constant 
quantity, p and p^ being 
the fixed foci. 

Let PiP— pp=2a. Bi- 
sect F|F in c, and take 
c A = CD = a, then one 
branch of the curve will 
pass through a, and the 
other through d. Put CN=a?, NP=y, CP or cPj^c times 
CA=ea, FP=di and FiP=rf^. 

Then from the right-angled triangles npf and npf^, we 

have, 

£P=NFHNp2=(ca-a?)2+y2 

£/,2=:NPiHNp2=(ca+ir)Hy^. 
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Proceeding in the same manner as in deriving the equa- 
tion to the ellipse, we have, 

d,^-d^ or {d,+d) (rf,~rf)=4aear. 
But ^,—^=20, 
/. d^-^d=2ex; 

hence by adding and subtracting, 

rf^=a+ca?, and d=ex— a ; 
substituting these values in (1) and reducing, we find, 

y2=(^-l)(a?»-.a2)...(2) 

Making (e* — 1)=— j, or 6^=a'(fi3— 1), in order to sustain 

the analogy between the equations of the hyperbola and 
ellipse, we find, 

• • ^2 a^" - A • • • v^; 

Cor, Let a be the origin, and put Air=;r|, then a?i=:CN 
— AC=a:— o, and /. a?=a?i+a. Substituting this value of 
X in eq. (3), 

y«=^(2a*|+«i«). 



EquaHon to the Witch, 

22. If op^B be a semicircle) and np be 
taken a fourth proportional to on, ob, and 
NP^, then the locus of p is the witch. 

Put oxsa:^ NP=y, 0B=2r, then by the 

equation to the circle np'= V2rx'--x^ ; 

but ON : OB : : np' : np, . 



• • 



that is, 0? : 2r :: V2rx^-^ : y, 
2r'/2rar— ^ / 2r—x 



y- 



X 
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Equation to the CissoicL 

23. If OP|B be a semicircle, of 
which p^M is Bjaj ordinate, take 
ON=BM, and draw npk perpen- 
dicular to OB, and join oP| cutting 
NK in p ; then the locus ef p is the 
cissoid. 

Put ON=:HB=Av ^^=^^9 and OB 
=2r, then from the equation of the 

circle MPi='/2raj—ar*; but from 
the similar triangles onp and omp^ 
we have, . . 

ON : np::om : mp 




1> 



that is, X ly::2r'^x I ^^'irx-x^'^ 






/2— 



2r— a; 



Elation to the Logarithmic Curve* 

24. In this curve any abscissa on is 
always the logarithm of its correspond- 
ing ordinate np; thus, let ON=ar, np 
=y, and a be the base of the system, 
then 



B 



«=log«y, /. y=«*« 



N 



If 2r=siON=0, then y becomes ob, hence OB=a^=l ; that 
is, the ordinate at the oHgin is always unity. 

Cor. If the abscissa increases arithmetically, the ordinate 
increases geometrically ; thus, if x= I, y=a^; if a;=2, y=a^ ; 
if ar=3, y=:a^; and so on. 

Equation to ^ Cycloid. 
25. If the circle pbd roll along the straight UneoK, a 
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point p in the circumference of the circle will describe a 
curve 0PK9 called the cycloid* 




Let c be the centre of the circle, bcd a diameter perpen- 
dicular to OK ; join PC, and draw pb perpendicular to bd, 
and PN to OK. As the circle is supposed to have rolled from 
o to B, the arc pb must be equal to ob. Put O'S^Xy NP=y, 
BD=2r, iiPCBssd, or what is the same thing, arc of Z.pcb 
radius being unity =d ; then we have 

a:=0B— NBssarc pb— PR, 

but arc PB=rad. xB=:rBy 

and PR=rad. sin 0=:r . sin B. 

Hence by substitution we have, 

x=:rB^r sin B=r (d— sin 6) . . . (1) 

y=NP=BR=CB— CR, 

but CB=:r, and OB=:r cos B ; 

/. y=r— rcos d=r (1— cos d) . . . (2). 

Equations (1) and (2) express the equation of the cycloid. 
The arc 6 cannot be eliminated between these equations. 

Equation to the Spiral of Archimedes, 

26. If the line OA revolve uniformly 
round o as a centre, while a point p 
moves uniformly from o along oa, then 
thcpoint p will describe the spiral of 
Archimedes. 

Let 0P=r, the radius vector, Z.P0A 
^6, the angle described by the radius 
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Teetor; and let a be liie yaloe c£ r, wlien the ndiiis yeetor 
has made one revolotioii ; then 

• :2»::r:a; .-. r=^.a. 



<Hr THE umnNG yalues of quanthjes. 

r. A17 definite quantity multiplied by is eqnal to 0. 
For example, let ns take the prodnet 10x«, then as we 
decrease x the prodnet will also be decreased ; thns we find, 
10x1=1, 10xOl=-l, 10xO01=-01, 10xO001 = <X>l, 
and so on ; so that when x is taken Q, the product 10 x 0=0. 
And generally a x 0=0. 
Any definite quantity divided by is infinite <»r oo. For 

example, let us take the firaction , then as we decrease x 

* X 

the fraction wiU be increased; thus we have, 7y-=100, 

^=1000, ^=10000, ^^=100000, and 80 on ; so that 

when X is taken 0, the fraction — = 00 or infinite. And 

generally ^= oo. 

Any definite quantity multiplied by a quantity infinitely 
great, is infinite. Let us take the product 10 x a^ then aa 
we increase x the product will also be increased ; thus we 
have 10x1=10, 10x10=100^ 10 x lOOsrlOOO, and so on ; 
so that when x is taken op, the product 10 x 00= oo. And 
generally ax 00= oo. 

Any definite quantity divided by a quantity infinitely great 

is equal to 0. Let us take the fraction -, then as we increase 

x 

X the fraction will be decreased; thus we have -^='1, 
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-^^=•01, tdW=*^^ »d^ so on; so that when ap is taken 

1 a 

oo the fraction — =0. And generallj — =0. 

The magnitude of any algebraic expression depends upon 
the value which we assign to the variable contained in it. 
Thus the magnitude of the expression 3 2? +4^ will increase 
or decrease with the value given to variable x. If « be 
taken infinite, the expression will become infinite ; and if x 
be taken 0, the expression will be equal to 4. 

28. Definition. The quantity towards which an expres- 
sion continually approaches or converges, .by making the 
variable continually approach a certain value, is called the 
limiting value of the expression. 

Illustrations and Applications, 

1. Thus the limiting value of ax-\-h is b, when x ap- 
proaches 0; because as x decreases the value oi ax ap- 
proaches nearer and nearer to 0. 

Again the limiting value of 00;+ 5 is 00, when x approaches 
00 ; because as x increases the value of ax also increases, 
and when x becomes very great, or approaches i^nity, ax 
becomes very great or approaches infinity. 

2. The limit of sin x is 0, when x approaches ; for as x 
is decreased the smaller and smaller its sine becomes. And 
similarly the limit of tan x is 0, when x approaches 0. 

3. The limit of cos a; is 1, when x approaches ; because 
as the arc x is decreased the nearer and nearer cosx ap- 
proaches radius or unity. 

4. In the curve pqr, the secant pq ap- 
proaches nearer and nearer to the tangent 
PT as the point q approaches p ; hence the 
tangent pt is defined to be the limiting 
position of the secant pq, when Q ap- 
proaches p, or what is the same things as the Z.QPT ap- 
proaches 0. 
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5. If a r^ular polygon be ihecribed in a circle, and if 
another be inscribed having twice the number of sides, it is 
evident that the surface of the second will approach more 
nearly to the surfiace of the circle than that of the first. If 
the number of sides be continuallj doubled, the polygon will 
approach nearer and nearer to the cirde, until at length 
their difference must become less than any quantity that can 
be assigned ; hence the circle is the limit of the inscribed 
polygon when the number of sides approaches od. 

6. The limiting value of y-— is a, when a?=0 ; because 

for every value of x greater than it is less than a, yet it is 
also to be observed that the nearer x approaches to 0, the 

nearer does . approach to a. 

Again the limiting value of j— - is 0, when x= od ; be- 

cause as x increases the fraction becomes less and less, and 
finally when x is greater than any finite quantity, the fraction 
becomes less than any finite quantity. 

It will readily be seen that a is the actual value of ^p- — 

when :r=0, as w^ll as the limiting value. In like manner 

is the actual value of r— — when :r=:Qo, as well as the 

l+x 

limiting value. In general the limiting value of any function, 
when the variable approaches or oo , is nothing else, in 
fact, than the actual value of the function when the variable 
is taken or oo . This being the case, it may be asked, — 
why make any distinction between the limiting value of an 
expression, and its actual value ? why say that an expression 
approaches a certain value, when we might more simply 
say that it takes that value ? In answer to this, it may be 
stated, that there are many expressions which assume inde- 
terminate, if not illogical, forms, when the variable actualli/ 
takes a particular value ; whereas, in such cases, the limit- 
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ing values of the expressions would be perfectly intelligible. 
Thus, in the expression > if we make a:=0, we find 

that the expression becomes ^ which has no meaning what- 
ever; however we have by division^ =2a-|-a?, for 

aU values of a? ; 

.% the limiting value of =2a, when a?=0 ; 

thus by resorting to the idea of a limiting value we are 

enabled to avoid the indeterminate form r^=2ay which we 

must otherwise have come to. However, for the sake of 
conciseness, when no ambiguity can arise, we shall hereafter 
sometimes speak of a limiting value as if it were an actual 
value. 

7. To find the limits of ^±^ 

X 

Here — - — =- +c. 

X X 

If 9=0, then -===«; 
•% the limit of ^^^^=sqo , when «=0. 

X 

If arssQo, then -=— =(^ 
.V thelimitof =c,when«=». 



X 

8. The limit of — r— is 1, when «=ao. 

x+a 
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3/ X d ■ 

Here — ; — = ; and when a?=QO, -=0 ; hence, &c. 

x+a a . X 

1 H 

X 

9. The limiting value of is 2a, when aj=a ; because 

® x—a ' 

^ ^2 

zszx+a^ for a// values of a?, and A as x approaches a, 

the nearer and nearer does a;+a approach 2 a. 

This example shows that, though the two terms of & ratio 
may respectively approach 0, yet the limiting value of that 
ratio may be finite. This is quite in keeping with our most 
ordinary notions of ratios ; for the value of a ratio does not 
depend upon the absohUe magnitude of the terms composing 
it, but upon their relative magnitude. Thus one line a may 
be three times the length of another line b, without regard 
to their absolute lengths. If the length of A is 3 feet^ the 
length of B will "be 1 foot ; if the length of a is 3 inches, the 
length of B will be 1 inch ; in fact, if the length of A were 
inconceivably small, the length of b would be still one-third 
of that inconceivably small length. 

10. Required the. limiting vili^ ^f IH — h-^+. . . to « 
terms, when «= oo . 
Here (Alg., page 92.) the. dum df this geometrical series is 

1-- 1 1 

^ ; but when «=Qb, —=^=0, ccnd liendier the limi^. 
~ x^ 



1-1 

x 

"1 X 

ing value becomes =■ =: r, which is the sum of the 

proposed series continued in infinitum. 
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_ 1 

11. Efiqiiiced lie limitixig value of-2(l4-2+3-f.., -j-n) 
wIieiin=Qo. 

Here(Alg.,page89.)l+2+3-j-...+w=(«-|-l)^; 

.*. the proposed expression = -g x(«+ 1) 2=0+0- > ^^r 
all values of n. 

But when «=a) , ^+ ^ =:-+^ =^ which is the limit- 
ing value required. 

12. BeqiHred the limiting value of -^ (^+2^+* • • + ^^) 
whenn=oo. 

By Art 10^ P+2a+. . .+«»=^+J+?; 
•% the proposed expression 

But when itssoo^ this becomes=^. 

l+-)*w6en h ap- 
proaches 0.* 
Bj the hioomial theorem. 



^^ 1.2 t 1.2,3 



+ he. 

c 2 
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Now, when A=0, ~=:-=0, and hence the limitihg value 

XX 



+ 



+ &C. 



•17 I \ < 



of this expression, 

=^ + ^ + 172 "^1X3 "^ 1727374 
=2-7182, &c.=e, by Art. & Cor. 1. 

14. To find the area of the triangle abo, by the method of 
limits. 

Put a=the base ab, and p c 

=the perpendicular CD. LetOD 
be divided into n equal parts, 
and upon each of these parts let 
circumscribed and inscribed rect- 
angles be drawn ; then the area 
<jf the triangle will be less than 

the sum of the circumscribed rectangles, and greater than 
the sum of the inscribed ones. 

The height of each of these rectangles will be S the base 

ac of the first will be -, the base ei of the second — . the base 

r«of the third — , and so on; the base of the nth being — . 

n ^ n 

•V the sum of the circumscribed rectangles 

_a p,2a 1> , 3a p na p 

n n n n n n n n 

=^P(l+2+3+,..+«)=f(l+i). 

In like manner, the sum of the inscribed rectangles, 

n n n n n n n n 

=^(1+2+3+... +(«-!)} =f(l-i). 
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Now the area of the triangle lies between these two areas, 
whatever may be the value assigned to n. But when the 
number of parts into which cd is divided is increased with- 
out limit, or, what is the same thing, when n= oo in the 
above expressions, the areas of the circumscribed and in- 
scribed rectangles become equal to one another; that is, 

=•—. Therefore the area of the triangle=-^= — ^ — . 

15. To find the space s described by a falling body in a 
given time t , 

Gravity being a constantly acting force, it adds equal 
increments of velocity to a descending body in equal inter- 
vals of time. Thus at the end of one second it is found 
that the velocity acquired is 32-J- ft. ; at the end of 2 seconds, 
2 times d2J- ft.; at the end of 3 seconds, 3 times 32^ ft. ; and 
80 on, the velocity increasing with the time. Hence if v be 
put for the velocity acquired at the end of t seconds, and g 
be put for 32^, we have the general relation, 

v=:ig . . . (1). 

If the body be projected vertically downwards with any 
given velocity, it is evident that we must add this velocity 
to that which is due to gravity, to obtain the total velocity 
of the body at any instant of its descent. 

Let v be the velocity with which a body is prqjected 
vertically downwards, and let t be divided into n equal 

intervals, each being equal to - ; then as v is the velocity 

acquired in t seconds, the velocity communicated to the body 

by gravity in each interval will be the nth part of v=-. 

Hence the velocity at the commencement of the motion will 

be V ; at the end of the 1st interval v-h - ; at the end of the 

n 

2v 
2d interval v-| — ; and so on. Now let us suppose that 

c 3 
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the- motion of the body is unifonn between each interral, 
then taking the velocities at the beginmng of each.intervaly 
the space described in the time t 

=v X -+ ( v+- ]-+ ( V+-- )-+..• to « terms 
n \ njn \ n Jn 

=*v+^ {14-2+3+ ... to (n-1) terms} =^v+^(l-^)- 

This result is evidentlj less than the actoal space s which 
the body will describe. 

Now taking the velocities at the end of each interval, the 
space described in the time t 

This result is evidently greater than the actual space s 
which the body will describe. 

Now the space s lies between these two spaces, whatever 
may be the value assigned to n. But when the intervals 
are increased without limit, or, what is the same tiling, when 
n=s a>, these two expressicms for the spaces beecxne equal to 

one another, that is =:^t+-^. 

/. s=*v+-^...(2). 
Substituting the value of « given in eq« (1)^ 

If y=0, or if the body fall from a state of rest, then we 
bave^ 

8=i2xf ...(4> 
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16. Tofindithei lisiTtiaig relation; of tatah te sin h, when 
the arc h approaches 0. 

Here we always have, — — ?= i. 

' ^ sm A COS A 

Now when h is indefinitelj decsreased, the value of cos h 
=1; 

.V the limiting vahie at— — t=1> when h approaches 0"; 

that is, sin A and tan h tend to an equality tis k ap- 
proaches 0. 

IT. To show that the arc of a drcle is greater than its 
sine and less than its tangent 

Let BF be any arc of a circle whoaiB radius 
is AB. Draw bo and fo tangents to the 
points B and F ; join AO cutting the <>irelQ m 
the point o; and join bf cutting ao in i; 
then BO=FC, bi=f^ and arc BQ=ai:c ?o. 

Now Art. 73. Greo., 

arc £i>B>F] b<fo-|^Cb 

/. 2 arc B0>2 bi<2 bo 

/. arc Bo> BKBG. 

But Bi is the sine of the arc BO, a&d BO ia its tautest ; 
therefore the arc is grater thaft ita coiie, and leea than its 
tangent ; or putting h for arc bo, 

•*• A>sin A<tan A. 

Let us now enquire what this relation becomes when the 
arc approaches 0. 

Now it has been shown in the last problem, that sin h and 
tan h tend to an equality as h approaches ; but as h always 
lies between sin A' and tan A, we have for the limitii^g values 
when h approaches 0, 

A^sinA=tanA; 

go: the sine and tangent of an arc, in their limiting state, are 
in a ratio of equality with the arc itself. 

c 4 




32 INTBODUOTOBT TWSCJFLBSy ETC. 

18. To find the drcmnference of a circle whose radius 
isr. 

Let A be the centre of the circle obo, &c., 
and PC the side of a regular circumscribed v 
polygon of n sides, touching the circle in the 
point B. Let sdy be another circle whose 
radius ad=1, and bt a tangent to the point 
D, cutting AC in t ; then, if we put 2ir 
for the circumference of this circle, the arc 

▼i>8= ~, /. arc DV=i of ^=-, and DT=tan -. From the 
similar triangles ad^ and abc, we have, 

AD :dt:: AB : Bc, or 

1 :tan-::r; BC=rtan^; 
« n 

.•. PO=2BO=;2rtan-; 

n 

/. the perimeter of the pol7gon=:2r tan - x n. 

n 

Now if n be continually increased, the arc ^ will be de- 

n 

creased, and the sides of the polygon will approach nearer 

and nearer to the circumference of the circle. 

/. Circum. drde^limiting value of 2r tan - x n, 

71 

t - ' or 

when n= 00, or -=0 ; but by the preceding problem tan - 
approaches - as - approaches ; 



/, Circum. circle = limiting value of 2r - x n=:2rr, 



where 2^ is put for the circumference of a circle whose 
radius is 1. Hence it follows that the circumferences of 
circles are to one another as their radii. 
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19. To find the area of a circle. 

Adopting the notation and fig. of the preceding problem, 
we have 

area triangle PA c=:AB • BG=:r^ tan*-. 

But there are n of these triangles making up the polygon, 

.% area polygon=nr*tan-. 

Now when n=oo, tan -=-, and then the polygon coin- 

« 

cides with the circle, or, more strictly speaking, the limit of 
the polygon is the circle, when n=oo ; •*• taking the limits 
of both sides of the equality, we have, . 

area circle— «r" -=r*w= (^j irssiP -. 

Hence the areas of circles are to one another as the 
squares of their radii or diameters. 

20. 'to find the solidity and surface of 
a right cylinder^ pbgn. 

Let DOFH be the side of a prism of n 
equal sides, circumscribed about the cy- 
linder ; put r=the radius ab, and A=the 
perpendicular height ao ; then by prob- 



lem 19, area triangle ADC=r^ tan - ; 



®> 


r 


f^ 


--^ 


B 

I 




c 

3 


0"^ 


!>• 


^ 


^_J) 



N 



— P 



•*• solidity prism ADCFHOssarea base ADO xperpen.Ao 



=r2 tan-xA. 
n 



But the solidity of the whole circumscribed prism will be 
n times this result ; 



•*• solidity circum. prism=nr^ tan - x A. 

c 5 
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Now when w=oo , tan -=-, and the limit of the circum- 

n n 

scribed prism is the cylinder ; 

/. solidity cylinder sslimiting ralue of nr^ tan - x A 

n 

That is, the solidity of the cylinder is equal to the area of 
the base multiplied by the perpendicular height. 
Again, the area of the face dofhs3I>oxdhs2boxao 

=2r tan - x A. 
n 

But there are n side faces in the whole drcomscribed 
prism. 

.*. Surface in the side faces of the prism=2»r tan - x A. 

n 

Hence we have, by taking the limits as before, 

convex surface cylinder=2nr -hsss2rvh* 

Now, by problem IS., 2rv is the circumference of the base ; 
therefore the convex surface of a right cylinder is equal to 
the circumference of the base multiplied by the perpendicular 
height. 

21. To £bid the solidity and surface of a right cone pby. 

Let Dcv be one of the faces of a 
pyramid of n equal sides, circum 
scribed about the cone ; put r=AB, 
the radius of the base, and A=:av, 
the perpendicular height ; then, pro- 
ceeding as in the last probl^ we 
have, 

area triangle BAOsr^ tan - ; 
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/• solidity pyramid adcv =^ x area base x perpend, height 
=4^ tan -X A. 

But the soMdity of the whole circumscribed pyramid will 
be n times this result; 

/• solidity drcunu pyramids^nr* tan - x A. 

Now when n=oo^ tan -=-, and the limit of the circum- 

n IV 

scribed pyramid is the cone ; 

/• solidity cone=limiting value of ^m^ tan - x A 

Hence the solidity of 9 cone is equal to one thurd the area 
of the base multiplied by the perpendicular height. 

Agaiuy to find the ccmvex surface of the cone, put 5=By, 
the slant height^ then we have, 

area face do v=»toc x b y=bo x b v=r tiin - x « ; 

/. whole surface in the side faces of the ciropmscribed 
pyramidz: »r tan ^ x <. 

Therefore, taldi:^ the limit as before, we have, 
convex surface cone=«r-5=nr*. 

But Tnr is equal to one half the circumference of the base ; 
therefore the convex surface of the cone 13 equal to one half 
the circumference of the base multiplied by the s^t height. 



c e 
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INGBEHENTS AKD THEIB UMITma BATIO. 

29. When the Tariable in an expression undergoes an 
increase^ or takes an increment^ the expression itself neces- 
sarily undergoes a change, and the quantity by which it is 
thus increased is called its increment. 

Thus if Xy in the expression ax^ takes the increment A, 
then ax will become a(a;+A), and 

/• the increment of cLx=a(x'{-h)^ax:=^ahy 

that is, if a; be increased by h, the function ax will be in- 
creased by a times A. 

Let /(^)=— TTy then if x takes the increment h^ the 

function /(a?) will become -^ — rxT* *^^ 

.-. the increment of/(^)=J^^-j^. 

In general, if Xy in the function/(a;), takes the increment 
hy then /(a:) will become /(«+ A), and 

/. the increment of/(a?)=/(a:4-A)— /(«). 

In the following exercises, &c. we shall invariably sup- 
pose A to be the increment of the independent variable ; and, 
for the sake of conciseness, we shall write *^lsicr.f(x)- for 
" The increment of /(a?)," and " Incr. y " for " The increment 
ofy.''* 

Ex. 1. If X receives the increment A, what will be the 
increment or increase oiy^ax^^ 



* In the calculus of finite differences, the -symbol Ay is used for 
expressing Incr. y, or, as it is called, the diffiirenoe of y. 
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Here when x becomes x-\-hy the function <ui^ becomes 

/. incr.y=:a(a?-|-A)*-aaj*=2aa?A+aA*. 

2. What will be the limiting ratio of incr. y to ism* Xy in 
tlie last example, when A or incr. x approaches Of 

Here, dividing each side of the last equality hj h, 

h mcr. X 

Now this equation must hold true whatever may be the 
value given to A. K A be taken very small, ah will also be 
very small ; in fact, if we suppose A to become smaller and 
smaller the nearer and nearer will 2aX'^ah approach 2ax; 

/. *the limiting value of ■; — ^=2aa?. 

^ mcr. a; 

3. If a; receives the increment A, required the increment 
of^=x>-3a;+2. * 

Here when x becomes x+h, the function y becomes 
(a?+A)«-3(«+A)+2; 

/. incr.y=(a:+A)«-3(a?+A)+2-{«»-3a:+2} 
=(2a:-.3)A+A«. 

4. Required the limiting ratio of incr. y to incr. x^ in the 
last example. 

Dividing each side of the last equality by A, we have, 

A mcr. X 

When A approaches 0, we have, 

* It must be obflenred that a limiting value of a ratio is not a mere 
approximation ; for whUe we speak of h approaching 0, or approaching 
it as nearly as we please, we do this merely to aid our conception of the 
terms of the ratio, yet we actually take AaO in finding the value of the 
limit of the ratio. 
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limiting vahie of *5??ll^=2« - 3. 

incr. X 

5. Required the increment ofy= — ^, when x becomes 



aj+2' 



x+h. 



r _ 3(ar-i-A) 3x _ Sh 

■^'^-x-\-h+2 a:4-2""(a?+A4-2)(a?+2)* 



6. Required the limiting ratio of the increments in the 
last example. 

Dividing each side of the last equalify hj A, 

incr. V incr. y 
-^ or ?- 



incr.« (a:+A+2X«+2y 
Therefore when k approaches 0, we have, 

limitiBg valtte of ; — —= 



incr. a? («-fO-f2)(a?+2) (a?+2)*' 

7. In the curve apq, let AN(=aj), and Np(=y) be the co- 
ordinates of the point p ; and let y==4a^ 
be the equation to the curve. Required 
the limiting ratio of the increment of 
NP to the increment of an. 

Let KP move parallel to itself until 
it.oomes to the position KQ. Draw pl 
parallel to an, tiien if nm(=A) be the 
increment of an or ar, lq wiU be the 
increment of np or y. By the equation to the curve, we 
have, 

np=4an', and i[q=4am' 

=4ai« =:4(aj+A)«; 

/. LQ=M[Q-NP=4(ir4-A)"-4«*=8arA+4A'. 
Dividing each side of this equality by A, 

LQ incr. NP ^ . ,- 

-7- or -, =8a?-f 4A. 

A incr. AN 
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Now these increments will have a definite ratio, however 
small h maj he taken, or, what is the same thing, however 
near mq may he taken to np. When h approaches 0, we 

have the limiting value of ; — '- — =8a?. 

° incr. AN 

1 

8. Let y=a^—- . Required the limiting ratio of incr. y 

to incr. x. or the limit of -. — —» 
' incr. X 

Here, when x hecomes a?+^ then y hecomes (x-^Kf — — ^, 

.-. incr.y=(<r+A).-^-i^- { ^-1} =2^+A.+(^, 

... E^ or !5Eiy=2ar+A+p-l^. 
h incr. X {x-^-hyc 

Therefore when h approaches 0, we have, 

limiting value of ■; — ^=2a?+0+ 7 — -ttt- =:2a:-|--z. 
° mcr. X (a?+0)a? a;* 

EZEBOISES FOB THE StCBENT. 

1. If a; receives the increment of A, required the increments 
of the following functions, 6a?*+2, 7«^— 6a:, ax^—bx-\-Cy 

Answers. lOxh+Sh^, (14aj— 6)A+7A2, (2aB— 6)&+aA3, 
Sax^h-^-Saxh^-i-ahK 

2. If the side of a square he x, and it he increased hy A, 
by what quantity will the surface of the square be increased ? 

Ans. 2xh-^h\ 

3. K the radius of a circle be x, and it be increased by A, 
what will be the increment of the circle ? Ans. (2xh-\-h'^)w. 

4b {n Ex. 2., what will be the increment given to the 
diagonal ? Ans. h ^2. 
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5. Required the increments of the fbUowing functions, 

Answers. \~ {.y p — ; — p^w — -— r, 2(l+a:)A+A*. 

6. Required the limiting ratio of the increment of the 
function to the increment of the variable, in the following 
functions, 20^^ a^—axy Sa^-i-a^ 3»*+c, x'+aj*— akc+c, 
x-\-a 3 

y X 

X X 

Answers* 4xy 3«^— a, 10a;, 12«', 3aj*+2a?— o, — «-, 1-f-s. 

a;* aj* 

7. Required the limiting ratio of the increments in ex- 
amples 2 and 3. ^n^. 2a?, 2a;n-. 

8. Let y=«^— 3a?+c, be the equation of a curve, and x 
receive the increment hy what will be the increment of the 
ordinate y ? Ans. {2x—S)h + A*. 

9. Required the limiting ratio of the increment of y to 
the increment of a?, in the last example. Ans. 2xS. 



DIFFERENTIAL CALCULUS. 

NOTATION OF THE DIFFEBENTIAL CALCULUS. 

SO. It now becomes desirable that we should have some 
notation for expressing the limiting ratio of two simultaneous 
increments. It matters not what this notation is, provided 
it expresses the thing signified without ambiguity, at the 
same time that it admits of being readily extended to all 
cases which can arise, without any restriction as to its 
interpretation. 

3L In JExs. 3. and 4., p. 37., it is shown that the limiting 

incr 1/ 
value of. — ^=2a?— 3, where y=a:*— 3a-|-2. Now if dx 
mcr. a: ' ^ 
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be put for the incr. a; or A in the limiting value ; then, in 

order to maintain the uniformity of notation, dy must be put 

dv 
for incr. y. Thus ^=2a?— 3, or, putting in the value of ^y 

^ "\^ ^ =2a;--8. B7 ^ therefore^ we simply mean 

incr 1/ 
the limiting value of ; — —^ or the limiting value of the 

incr* M/ 

ratio of the increment of y to the increment of x^ when the 

increment of x approaches 0. As y is here understood to be 

df(x\ 
a function of Xy we also have -*^p = limiting value of 

jgg:^> =^^+*)-'^') , when h=0. Now the limit of 
incr. X. n 

• ^^ j"~'^^ ^ is in general a finite quantity^ if the divisioi) 

by h is performed before A is made 0. 



{jfeametHcal represeniaHon of *^^, or ike UmHng value 

^y incr.f{x) 



tncr. x 



32. Let ▲N=ary and NP==y, be the co-ordinates of the 
point pin the curve PQ* Take 
a point Q in the curve near 
to P, its co-ordinates being 
AM and MQ ; from P draw pl 
parallel to Aa; ; draw the chord 
QP9 and produce it to meet the 
axis in B. 

Let y=f{x) be the equation to the curve, then when an 
or X takes the increment A=nm, np or y will take the incre- 
ment LQ> 

.% NP==/(ar), and MQ=/(a?+A); 
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, LQ LQ X^+AKJ^.- 

but — =tan i«PQ=tan nbp; 
Pt 

yr^+A)— y(^) incr. /Ta?) 
A incr. X 

Now tiiis equality is true for all values of Ar wh^i ^0 
point Q approaches f, the value of A or incr: x af^roadles O, 
the secant QPB ^proach^ nearer and nearer to the tangent 
PT, and therefore the £ qpd approaches 0, while the Z.nbp 
approaches nearer and nearer to an equality with the ^ ntp*; 
hence we have, taking the limits of the ahove equation, 

1- •^•. 1;- « in<9^. jfTa:)' 
tan Nrp=Hmitmg value of -; — =^^^-^ 

° incr. X 

_dj{x) dy . 

-^^""^ dx'-'^^^' 

which eqtialioa in g^ersd gives us the geometrical int^rpirev 
tation of the differential coefficiejU -j-, 

33. This investigation leads us to the following definition 
of a tangent to a curve. The line pt m- said to^ be tiiie tan- 
gent at p, when pt is the limiting position of the secant 
QPB, on the supposition that q approaches p>. or, what is the 
same thing, when the Z QPi> approaches 0. 

34. It is necessary that we should have names given to 
these symbols, in order to speak of them with precision ; 
thus dx is called the differential of or, and dy the differen-- 

tial* of y. The symbol -^ is called the differential coeffi- 



* In the calculus of differences the increment of y is called the first 
difference of y ; hence, m the differential calculus, this difference taken 
indefinitely small, has been called the differential of y^ . . 
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cienty and the process by which ^ is obtained is called dif- 

ferenHation. The letter d, therefore, placed before any 
expression or function, indicates that'' the function is to be 
diffhrentiatedy so that disa, symbol of an operation, and not 
of a quantity. ^ 

In the examples given in Art. 29., the liming ratios there 
found are the values of the di£ferential coefficients of the 

respective functions ; thus, in Ex. 6. -j^ r . o\2 > *^^ ^ ^^• 

35. The &8t object of the differential calculus is to deter- 

mine rules for finding • \ y or the limiting value of 

-^ 1 9 when h approaches ; and then to show the 

use of these limitiaig values in the solution of various 
problems in pure and mixed mathematics. 

BUIfES FOB THE DIFFEBENTIATION OF FTTNOTIONS. 

30. Rule 1. A constant quantity, connected with a func- 
tion of » by the process of multiplication or division, remains 
as a multiplier or divisor after differentiation. 

Let ^==00^, then ^=Saa;'. 

/. ^?^=3a«> + 3aa:A-f aA> ; 
n 

/, limiting value of ; — ^=3a«*, 
^* incr. a; 

thatis,-^=3aa;'. 
ax 

T X 1 . ^1. dy 2x 
Let y^-xK then ^=— • 
^ c ' dx c 
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Incr. y=-(«+A)« — ^o's 1 — ; 

^ e^ ^ c c c 



. incr. y 2x , h 

.... •■ m incr. V 2a; 
/, mmtiiigvalueof 7 2= — , 



incr. X 



that IS, ^=: — . 

Generally, let y=ii^a?), then ^=«^^- 

Incr. y=a^a?+A)-q/(«^)=« {X«+*)-y(«)} 
f =a incr.^aj). 

/ Dividing by h or incr. Xf 

incr. y _ ^incr.y(a;) 
incr. «"" incr. a; 

This equation being true for all values of A or indr. x, it 
will also be true when A approaches ; therefore, taking 
the limiting values, by putting the ratios of the differentials 
for the ratios of the increments, we have, 

dx dx 

37. Rule 2. A constant quantity, connected with a func- 
tion of X by the sign of addition or subtraction, disappears 
after differentiation. 

Let y=a^+c, then ^=2«, 

Incr. y=(a?+A)«+c-(a?+c)=2arA+A» ; 

•V — ^=2«+A; 
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incr* v 
•\ limiting value of 7 — '-^=z2x^ 



incr* X 



that is, ^=s2«. 

Lety=a«— c, then ^=0. 
Incr. y=za(ps+h)—C'-(ax^c)=sah ; 

Generally, let y=^f{x) + c, then ^=-'^* 

Incr.y=/(a?+A)+c-- i/(a?)+c} =/(«+*)-/(«); 
, incr. y _ y(a?+ A)— y(g) 

Taking the limiting Talnes when h approaches 0, 

dx dx 

38. Rule 3. To obtain the differential coefficient of any 
constant power of x^ multiply together the exponent, and x 
with its 'exponent diminished by unity. 

Thus if y=a:*, then ^=4a«. 

ox 

Let y=aj*, then -^=inaif-\ 

dx 

Incr. y^^x+hy—af, by the binomial theorem, 

/. limiting Talue of i5EJl=na^-», 

incr. a; 

thatis,^=fiar-». 
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Multiplying by dx, we also have, dy^nsf^^dXy which is an 
expression for the differential of of. This form is 'Convenient 
for algebraic calculation ; strictly speaking, however, the dx 
should not be separated frqm the dy^ 

This result is true, whether n be a whole number, a frac- 
tion, or a minus quantity. 

Examples. 

1. Lety=3ir^then^=3x7xar^-i=21aj6. (See^Btifel.) 

dx 

2. If y=faa^-f c, required the differential coefficient, or 
the value of ^. (See Rule 2.) Am. y>ax*. 



3. What is the differential coefficient of ?(2a;»— 1)? 






Ans.- 



a 

. thftn 

dx 
is true for fractional indices* 



4. Let y =2ir', then ^:s=2 x § x «^* =3aj', because Rule 3. 



6. Required the differential coefficient of 4^'. 

Here. i^=4xix;ri-'=2*-»=2. 

S 

6. Required the value of -^-—^ K Ans.^ 

7. If y=~=aar^, then ^=-2flar-«-»=~ ; because 
Rule 3. is true for minus indices. 

8. Required the differential coefficieiiLts of^^he following 
functions, ax\ 6a;'-Hc, ?^ and Zafb—t^. 



A 
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9. What is the diflferential of aa?*-» ? 

Let y^aaS^^y then J^=a(«— 2)a^; multiplying each side 

of the equality by dx^ we have, cfy=a(»— 2)a?*-'dir, 

10. Bequxred the differentials of the following functions, 

Answers. Aafidxy afdx, \^dxy ^, -^. 

39. jRttfe 4. The differential coefficient of the sum of any 
functions is equal to th^ sum of the several differential co<* 
efficients of the functions ; and the differential of the sum of 
the functions is equal to the sum of the differentials of the 
functions. 

Let ^=ax+5a;', then -^^a-\-2bXy and dy=adx-\'2hxdx. 

Licr. y=a(a;+ A)4-ft(*+ A)*— (aa?+6«^ 
T=dh-it2bxh-\'hh\ 

incr. V ^- 

.% limiting value of i5EJ?=o+.2*a:, 

incr. X 

that is, -i^=o-|-2^a? ; 
dx 

/, dy'=.adx'^2bxdx» 

Where adx isihe cEfferential of ttx^ and ^hx^ is tiie dif- 
ferential of ba^ ; hence the rule as applied to this case. 

Grenerafly, let y =/(a?)±F(a?)±8BC; 
Incr. y=/(ir+ A)±F(a:-h A)±&c-- {/(ir)±F(a?)±&c.} 
=rf(ar4- A)-/(a?)± {p(a:+A)-F(a;)} ±&c. 
=incr./(a:)+incr. F(a:)+&c ; 
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, incr.^ incr./(a?) , iiicr.p(a?) . « 

— x-= — h — ± — h — -^' 

This equation being true for all values of h^ it will also 
be true when h approaches ; therefore taking the Umiting 
values, by putting the ratios of the differentials for the ratios 
of the increments, we have, 

dx dx — dx 

or €?y=4r(a:)±d>(a:)+&c. 

EXAMPLBS. 

1. Let y=af+aB"+c, then ^=»MJ*-'+i»a**-', and 

2. What is the differential coefficient of oa^—ar? 

Let y=aa!*— a?', then ^=:2ai!*-*--fr'" ^2aX''i.\. 

ax ^ 

3. What is the differential coefficient of 3^(si?-^a)? 
Letys=ar(ar— o)=«*— oar, then 

^ 2aji 

4. What is the differential coefficient of aa^^a;+-~? 

ST 

Let yssaa?— aj-f 3=aa?— aj+ar*; 

.•. ^=2a«-I-2« *-'=2aa:-I-^. 
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5. What are the dififerential coefficients of the following 
functions, i(2««— 6«3), a^-\-x^—x-\-ly iaj*-^aa!», (2a;- 1) 

x(2a^+l), {a-xy-\-aXy i««*-j» a:(l-a?)»? 

Answers. 2aj*— V®^> 3a;2+2a?-l, 2a:3— aa:^'&c, 2a?— a, 
2aa!»+^ 3a:a-4a?+l. 

6. What is the differential of (a+a?)3— a(3a;a+«^) ? 
Let y=(a+a;)3— a(3a:»+a«)=a:»+3a«a:; 

.•. -/=zS3i?^Sa^, /. rfy=3a:*cfa?+3a*(ir. 

7. What are the differentials of the following functions, 

i(««-2a;*),(a:J+l)(a:*-l), (a-a?)3H-3a»a:? - 

X 

dx 3 1 
Answers, 2xdx — p, -^x^dxy Scucdx-^Sal'dx, 

I 

40. Eule 5, To find the differential of the product of two 
functions, multiply each function by the differential of the 
other, and add the products. 

Required the differential of ^ = (a + x)x. 

This expression xnay be readily differentiated by multi- 
plying the factors, and then applying Rule 4. ; but we pro- 
pose to go through the operation so as to illustrate the 
method by which the rule here giyen.is establisl^ed. 

Incr. y<f=(a-|-af-|-A)(aJ-|-A)— (a-f «)a?. 
Subtracting and adding (a+^)(^+^) and reducing, 

incr. y= {(o+a?+A)-(«+a:)} (a;+A)+ {(a?-fA)-a?}(a-f.a:) 
=A(a?-|-A)+A(a+a?) 



• * 
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When A approaches 0» we have* 

ax 
,•, dy=idaiy.x-{-(a'\'X)dx^{a'\-2x)dx. 

Let us now apply this method of demonstration to the 
general formula, y^fix) x f(«). 

If X takes the increment h^ we have, 

incr. y^f{x-\-h) x F(a:+ A)— /(*) x r(a;). 

Subtracting and adding/(a;) x F(a;+ A), and reducing, 

incr. y = {/(«+*)->(«')} f(«+*)+ K«+*)-K«^M«) 
=incr./(aj) x p(a?+ A)+incr. v(x) xj{x), 

incr. y mcT.f(x) . . ,. . incr. t(x) ^^ . 
.-. , ^ ■ = ^-^--^xr(a?-hA)4- jf-^^xy(«)- 

As this equation holds true for all values of A, it will also 
be true when h approaches 0^ and then the limiting value of 

^^% the limiting value ot^^^^, and 

on. 

.•.i=«xir(.)+^)xy(.). 
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dx dx dx 

and multiplying each side of this equality by dx^ 
dy^dfix) X p(«) + d^{x) xj{x). 

41. It will now be easy to differentiate the prodtict of 
three or more fimctions of the same variable^ 

Let y==/(a?) x ir(x) x ^(a?), - 

then if *(«) be put fory(ir) x F(ir), 

y=*(a?)x0(a;). 

Differentiating by the rule just proved, 

dy= d^(x) X 0f aj) + «^(a;) x *(«), 
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but *(a?) =/(»?) X F(a;) 

therefore by substitution and reductioni 

dy=.df{x) X F(a7) x ^(a?) + rfF(a;) Yf{x) x ^(a:) 

4- ^0(ic) xy(*) X F(a;). 

FFA^r^ «^e mukipfy the differentidl of ecuih factor by aU the 
other factorSy and add the results* The rule will obviously 
apply to any number of factors. 

Examples. 

1. Let y^(ax-\'a?) (a-h**), then by tli^ rule, 

=(£Mfo?H-2a7cte) X (a+aj^)-f 3a:"dir X (aa:+a^) 
=i(5ic*-f4aa^+2aa:4-o*^)dIa?, by reduction. 

Dividing each side of this equation by dx will ^ve us 
the value of the differential coefficient. 

2. Lety=(l+a;*)(l4-«^), thendy=(S**+3«*+2a?>fo. 

3. Letya=(a+&r^)(^— o), then dy=^^'^a^dx. 

4. Let y=(l +ar+aj3) (1 — a3) ^. aj6_ 1^ then 

-(1 ^-4*8)^^ and .% ^=^ 1 -4a^. 

5. Let y=:(o+Sa:2) (£i-8a:^)4-6«*, tbeis ^=4ax-9ax^. 

6. Let y=ir2(l-.a«8)(l+«flf2)^ then ^3?:2ir-6a3a:5. 



^1^ 6. To find the differential of a fraction, mul« 
tiply the differential of the numerator into the denominator, 
from this product subtract the differential of the denominator 
multiplied by the nutneratory and divide the remainder by 
the square of the denotaiinator. 

» 2 * 
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-Lety= — ; — J then when x takes the increment A, 

• * 
x-^-h X (x-\-h)(a-{'x)^x(a-{-x-\-h) 

. a-f-a?H-A a-fa? (a-h«+A)(a+«) 

Subtracting and adding x(a-\-x) to the numerator, 

lucr* V • ■ . . ■ , ■ > — I ^ ■ : 

A(a+a:)-- a:A 



(a+a:+A)(a-hafy 



• • 



iner. y _ a ■ ^ ^y^___?__ 



Let tis now apply this method of demonstration to the 
general formula, y=sfi-^. 

Let 9 take the increment h, then 

incr v=4^±^>-^> 
'^ p(i»-hA) p(fl?) 

F(ar+A)F(^) 
Subtracting and adding /(a;)F(^), and reducing, 

mcr.y- p(*+A)p(:r) 

_ incr./j(ar)XF(jp)—iner. w(x)xf{x) 
"" F(ar-f-A)p(a;) 

Dividing both sides of this equation by A, 

incr.y ^ A ^^^'^ A ^-^^^"^ 

A F(ar+A)p(a?) "^ 

As this equation is true for all values of A, it will also be 
true ^hen A approaches 0, and then the limiting value of 
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'-^=% theliinitingvalneofi52:^)=^), andso 

Multiplying both- sides of this equation by da, 
j dKx) X F(») -«fe(») x/(g) 



Examples. 

3a:^— 1 

1. Let y= g ■ . ; then by the rule,. 

■ «! "T* ^ 

* 

2. I*ty=5j:p55, then ^=(^5+715? 

3 Leti/-^^^±ii then ^— Jf±I_ 
d. i^ty-^^^^j, then ^_^___. 

4. Lety=^---_3, then J=(^^r[Jr 

5. Let y=a^--5-^, then |^=3a.»-^?£-2^ 

6. Let y==— -, then dfy= 



D 3 
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7. Lety=j-^, tlien <^« ^^_^y > 

43. ^t^e 7* To find the differential of any power of a 
function, multiply together the inde^ of the power, the func- 
tion itself with its index diminished by unity, and the dif- 
ferential of the function or root. 

liOt ysis', where ^ssa-^^'. 

When X takes the increment h, let the iacremeut of i? be A, 
then we have, 

incr. y =(3f +ife)8-fl;»=(3«« + dzk + k^)k 
liiljecause h or incr, «=a+(«+A)*— («+«*)5=2«&-hA'. 

Now when A approaches 0, k or incr. z also approaches 0, 
since the magnitude of k depends upon the magnitude of A ; 
hence, by making A approach 0, we have, 

^=3z« X 2ar=3(a+a?2)« x 2x, 

.% dy or d(a+x^y=zZ(a'^a^yx2xdx, 
where 2axfa;=d(a-|-«*). 

Let us now consider the general case, y=2!", where 
z=f(x). 

When X takes the increment A, let the increment otzheky 
then we have, 

incr. y=(«-h*)"---«»= I ««^i +^P^«*-2A+&c. I A- 
Now when A approaches 0, A or incr. z also approaches 0» 
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sinoe the magnitude of incr. z depends upon the magnitude 
of k ; then the limiting value of — a^~Z^* ^^ ^^® limiting 



. A A incr. z dz 
value of J or -^-=^; 



•. ^='*^^^ ^^ (fyxsnsf^-^dz* 



Examples. 

1. Lety=(a+6a:-f-ca;^)", then z=za+bx+cx\ 
A £fy=n(a+6a;+cjB»)"-»dl(a+te+c«*) 
asfi(a + 6a; +«»>)•-* (ft + 2ca?>fe. 



2. Lety='v/a*HhP=(a»-har2)*, 

.-. dy=i{a^ ^x^)^^ d{a^-^x^y ^^ 



Vo2+a?^ 



'*& ^/a'^•\.x^ 

3. Let y=(l +aJ4-«*)', then ^=3(1 ^x-^x^fil ^2x). 

4. Let ys ^T+^, then ^= — ?^ 

^ (l+a8)t 

5. Let y=(2+aB2) (1^«»)^ then by Ruk 6, 
dfy=d(2+3aj3) X (1 -«2)H<i(l -«*)' X (2+3a^2) 

6. Let y=«'(a+«)S then dfy=(3a+5a?) (a+af^^^. 

7. Let y=(l +«»)»(1 +«)*, then 

<|y=(4+6a;+10a:») (1 +a:a)2 (I ^-x^dx. 

o 4 
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8. Let y=^±^, then bj^wfe 6, 

3(1 ■ {■xydeyjl +a?)-2xdx X (1 +»)» 
^= \ (1 +x^y 

_ (1 +xy(S-2x+x')dx 
~ (!+*»)», •. 

Va*— «* , , — a*<to 

9. Let y=-^^— , then dy=^rj^==. 

10. Let y= ^ . then <^y= i* 

A/l+iB* ' (1+ar*)* 

11. Let y=7|-r-\s=*"(l +*)""' then by Eule 5, 

•^(l+«)"+^* 
12- Let y=^i:^ then ^y=p^4- 

1 ^dx 

13. Let y=-- ^ then tfy= 



i«; 



(!-«)» 2(1 -^y 

(1— 3a?V& 
14 Let y=(l +x) (!-«)', then c?y=^^- ^. 

15. Let y=^;^, then ^-^^^r^r 

16. Let y= .- +: — — ^-> then -;v- 5 — « 



MAXOUl and HINIICA, 57 



MkTTjMX Ain> MINIMA* 



44. The maximum state of a function, is' that particular 
Taine which is greater than any of the values which im- 
mediately precede or follow it. On the contrary, a minimum 
state of a function, is that particular value which is les» than 
any of the values which immediately precede or follow it 

When a railway train starts, its motion is very slow ; the 
speed goes on increasing until it attains a certain limit, which 
we call the maximum speed; and when the steam is being 
turned o£^ the motion becomes gradually less and less until 
it attains a minimum when the steam is being turned on 
again. 

In the circle, the sine increases with the arc until it 
arrives at 90^, when the sine = radius, and afterwards the 
sine decreases as the arc increases until it arrives at 180°. 
In this case the sine is a maximum when the arc = 90°. 

In fig. J. Art. 49., Di is the maximum ordinate ; and in 
fig. 2., DI is the minimum ordinate. 

These illustrations show, that jiist before a quantity attains 
its maximum it is increasing, but just after it has passed the 
maximum it is decreasing; and the contrary takes place 
with respect to the minimum. 

45. The following example shows that while x increases 
continually, the value of the proposed function of x increases 
only up to a certain value of Xy and afterwards decreases. 

Let/(a:)=6a?— a^, then we have, by actual calculation, 

* values of a; .... 0, 1, 2; 3, 4, &c., 

corresponding values off(x\ 0, 5, 8, 9, 8, &c. 
Here 6a;^a;^ is a. maximum when x=Sn 

46. The following example shows that while x increases 
continually, the value of the proposed function of x decreases 
to a certain value of x, and afterwards increases. 

Letyi[aj)=a:^+(4— a?)*, then we have, by actual calcula- 
tion, 

D 5 
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values of X ... 0, 1, 2, 3, kc^ 
corresponding values o£f{x)y 16^ 10, 8, 10, &c. 

Here a^4'(4— a?)* ia » minimum when 9^2* 

The difEerential calcnlos auppliea us with the means of de« 
tennining the ra«rimnm or minimum value of any function. 

^. J[f a quanH^ ehamgei Ut m§n U mnut have pofsed 
through Oor oo. 

If a tradesman's prc^t continually docroa^es from day to 
day until it becomes minus> that is, until be loses by 1^ 
trade, then it is evident that his profit must have been ^ero 
before it could obange ita sign firom plus to minus. 

The expression {fs-^iaf is minua for all values of x less 
than 2a, and plus for all values of x greater tiian 2a. Now 
if we suppose x at first very smaU and to increase continually, 
this change of sign can only take plaoe by x passing through 
the value x:^2a9 and then («— 2a)':aO.» 

Let a point n move along the line no; then so long as the 
point is on the right of A, its distance 
from A is positive, when it arrives at a 
its distance is 0, and when it has moved 
on to the left of a its distance from a 
becomes minus, that is, the distance in 
pasdng from the plus to the minus state^ 
has gone through 0. 

Let the ordinate bo of the 
curve CGF move from the point 
A ; then at B this ordinate has a 
plus valuer when it arrives at a 
it becomes 0, and at d the ordi- 
nate DF has a minus value, that 
is, in passing from plus to minus the ordinate has passed 
through 0. 



T 




• In like maimer . _ ^ must paas throi^ xmSa, in onjcx to 

1 



change its sign, and then 



(«-2a)» 



>■ 00. 
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48. ^ X mereem eanHnuaUyi then - '%/ ■ trfil be positive 

CT negoMmy aecar^ng a$f{x) is inerecmngf or dewimng. 
In the fanqti.on f{x), let a; take the increment A, then 

— — i/ wiU obviously be positive or negative accord- 

ing B3f(x) is increasing or decreasing, and this will be the 
case howev^. small h may be taken,. that it, the limiting 

value of -^^ i. or 2^. will be p<»itive or negative 

accordipg mf{x^U increasing or decreaaing. 

49« Let the. ordixiate bo^ of the curve gnus, move 
uniformly firom A towards f, and let the ordinate become a 
maximum when it arrives at the position di in fig. 1., and a 
minimum in fig. 2; Now as the ordinate of a curve is 
always some function of its abscissa, let ^=ab the variable 
abscissa, and/(a;)=Ba the corresponding ordinate. 





In ^g, 1., the ordinate is increasing before it becomes a 

maximum, that is, /(«) is increasing, and therefore, by 

df(x) . 

Art. 48., ^ will be positive before the ordinate arrives at 

the maximum position. On the contrary, after the ordinate 

has passed the maximum position, it is decreasing, that is, 

df(x) 
f(x) is decreasing, and therefore, by Art. 48., '^^ will be 

negative after the ordinate has passed the maximum position. 

df(x) 
Thus it appears that j^ changes its sign from + to — 

in passing through the maximum position of the ordinate ; 
therefore by Art. 47., ^ -'=0, when /(a?) is a maximum. 

D 6 
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df(x) 
Similarly in fig. 2., '^^j^ changes its sign from — to + in 

passing through the minimum position of the ordinate^ there- 
fore by Art 47., - » =0, when /(a?) is a minimum. 

Hence we have the following rule for finding the maxi- 
mum or minimum value of a function. 

50. Rtde. Find the differential coefficient- of the func- 
lA(mf{x)y and put the result equal to ; then the value of Xj 
determined from the solution of this equation, will be the 
value of x^ which will render the proposed function a max- 
imum or minimum, should it admit of becoming so.* If, as 

df(x) 
X continually increases, "^^ ' changes its sign from + to— , 

there is a corresponding maximum value ^ and, on the con- 

trary, there is a corresponding minimum value if "^j ^ 

ax 

changes its sign from — to -f : but if there is no change of 
sign, the function does not admit of a maximum or mini- 
mum. 

51. The following considerations will frequently simplify 
the operation in finding the maximum or minimum value of 
a function. When a quantity is a maximum or minimum^ it 
is obvious that any power, root, multiple, or part of the 
quantity, will also be a maximum or minimum. 



Examples. 

* 

1. Divide a line, whose length ab=8, into two parts, ac 
and CB, so that their product may be 
a maximum. ' • «-' 



A C B 

Let a:=AC, then 8 — a:=c b. Hence 
we have to make 

' * Independeiitly of the criterion here giveii, the peculiar nature of 
Certain geometrical as well as other kinds of problems will indicate 
whether the proposed quantity admits of a maximum or minimum state. 
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y(a?)=aj(8— a:)=8aj— aj2, a max. 
Differentiating and putting the result equal to 0, 

r 

^=8-2a:=0, 

solving the equation,. 8 — 2a;= 0, 

we find a;r::f =4. 

Hence it appears that the two parts must be equal to 
one another. This result may be yerified bj arithmetic; 
thus 3 > 5=15, 6x2=12, &c.; whereas 4 x 4= 16. 

2. To inscribe the greatest rectangle 
lOFD in the semi-cirde abfg, whose 
radius CF=r. 

Let DF=:aj, then cd= ^/r^^x\ and / 

iD=2cD=2v'i^^^; -^ ^ ^ ^ " 

/• area rect. iGFD=DFXiD=2«Vr^^I^=ra max. ; 

therefore, by Art. 51., omitting the constant factor 2, and 
squaring, 

Differentiating and making the result equal to 0, 

2r2a;— 4a:3=0 ; 

.*. ^=2" and * = -j^: 

3. Given the hypothenuse (=c) of a right-angled tri- 
angle ; to find the other sides, when the area is a maximum. 



Let ;D=one of the sides, then the other 8ide= Vc^^gc^ ; 



.% area trianglerr^v'c*— a*=a max., 
a*(c' — a?^) = c'a?' — a:* = a max. 



e2 



mwwvsmjsmAi, cALcm.us. 



Hence we find, as in the last ex., x^--;^^ and the other 



side= Vc^—afi = — ^; therefore the required sides are 
equal. 




s 



4. In the given triangle abc, to in- 
scribe the greatest rootangle iky s. 

Let ABssc, the perpend. cd=5, and 
IK=DF=2^ then, by the similar tri- 
angles ABO and KYO, we have, ^ ' ^ 

CD : ABticP : KV 



.% area rect.=KYXiKs=T(6— a?)a?=amax. 

Neglecting the constant multiplier, we have, 
y=(5— a?)a?=r:fta?--«*=a max. ; 

6. Required the length of the greatest roller isyk 
which can be cut out of the given right ^ 

cone ABC. 

Let AB=a, CD=s5, and CPas^r ; then we 
have, bj similar triangles, 

cd:ab::cp:ky 

dX 

b : a :: x: kv=-t-. 

Solidity cy. iSYKr=area base x length 

=-7854kv2xik 
•7854oa 




b-^ 



xa:^(5— a:)=amax. 



Keglecting the constant factor we bave 

2 1 
and iKssop— cp=6— o5=55. 

6. The perimeter, or sum of the sides, of a rectangle irp, 
required the sides when the area is a max. 

Let ^ssthe base, then the perpendiculars J. ^-*4?, 

A Area=a;(^p— a;)=:^a;— o^^ssa max. 

DifPerentiating, &c., we ^ndxsz^p; hence it Allows that 
the greatest rectangle is a square. 

7. A rectangular sheep-4bld abod is to be built against an 
old wall DC, so as to enclose a given area, viz., a square feet. 
Required its dimensions, so that it may be built with the 
least expense. 

Here the expense will be a ^ 
minimum when the length of the 
walling GBAD is a minimum* 



;o 



Let a:=AB, then ABXAD=a, /. ad=-, 

X 

Oft 

/. the length of the walling=AB+2ADsa;+---=a min. 

X 

T * .2a 

liet y =«H — =a nun. 

X 

;^= I — ^=0, and a?= ^25^ 
m x^ 

but AD=- = -^s:^ V2a. 
X v'2a 

Henoe it follows that the breadth must be half the length. 
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8. Required the same as in the last example, when the 
enclosed space is divided into two compartments by a 
wall FQ. 

Adopting the same notation as in the last example, we 
haye 

the length of the walling =:AB+3AD=^arH — . 

Hence we find ad=^ab. 

9. A dstem^ open at the top, having a square base, is to 
be covered with a sup. ft of lead ; required the dimensions 
of the cistern when its content is a maximunu 

Let 0?= the side of the ba^e, and ^=the perpend, height; 
then the ^Ep. ft. in the cisterh = ar^+^ir^rsa ; 

a-a2 






4a? ' 
and solidity of the cistern =? area base x perpend, height 

=«* X «=!{««— «^)=a max.^ then we have, 
y=aaj— «'*= a max. ; 



... |=.-8^ ... ^Jl 



a 

and z=' 



4x A /"■ i 
4a /g 



1 /« 

a-2 V 3- 



V5 

Hence the height must be half the side of the base. 



10. To describe the least isosceles triangle A bc, about a 
given circle, whose radius oPs=OD=r. 

Let aj=co, then cp= ^^/x^-^r^y and 
from the similar triangles <:ipo and cda, 
we have 

cp : op:: dc : ad 

v^-r^r r ::a;H-r : AD= ) J- \ \ 

va;^— r" 
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.•. Area A abc=ap xdc==~-^:^=^= a min- 

Wid y=:H — %-= ^ ^ = a mm. 

• > 

• ' dx"" {x-ry ^"' 

/. 3(ar+r)«(ar-r)-(a;+r)»=0, 
/, a?=:2r, and CD=a?+r=3r. 

IL Required the altitude of the greatest coQe abc> which 
can be cut out of the given sphere adbc^ 
whose diameter 0D=2r. 

Let «=0P, then PD=2r-^af, 
and AP*=cpxPD=aj(2r— a;), 

/. area base cone =« x AP^=:wa;(2r— A), 

•*• solidity cone=^ area base x perpend. 

= ^a?{2r^x)=. a max. 

Dififerentiatingi &c., 4ra?— 3aj^=0, /. x^^r. 

12. To bisect the triangle abc by the shortest line pd. 

Let BC=tf, AC=i^, cp=ar, and CD=y, 
then by the problem, 
area A ABC=2 area a pdc, 
/• ^ah sin c=2 x ^ory sin c ; 

*i 2xyz=Lah, and y=|j*^ 

Kvow, by Trigonometry, page 125., we have 
pd2=cp^H-cd*— 2CP.CD.C0S c 

=«*+ -r-o — ao COS 0= a mm. 
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Differentdatingy &c.> we have 2X'^-^=0, 




2x 
Hence it follows that cp»gd. 

13. Through a given point p within a given right angle 
ABC^ to draw the line dq which shall eat off. ^ 

the least triangle dbq. 

From p draw pb parallel to bc. 

Let BBssOy BVs&iy BDss«j 

then PB=a;— <i» and t»y liie similar tri- 
angles DBQ and DBP, we have 



/ 



o 



db:bp::bd:b4^ a x) r b 

, ^ hx 



x-^a 



Area A dbqss^bd .bqss^t— -^=amin« 
and tr=: s= a min. 

Hence it follows that the line dq is bisected in the 
point p. 

14. The whole surface of ^ right cone is o sup. ft. ; re- 
quired its dimensions when the content is a maximum. 

Let 07=: the radius of the base» and 21= the slant height; 
then we have^ 

s 

drcum. base= 2ira; ; area base = v^e^ ; 
convex surfaces i- drcum. base x slant height = «a; Xz ; 
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/. Total surfece cone = ira^-f«af x z=c ; 

c 

/, ass — >*-.«; 

/. perpend, hdght coneys Vz^-^gs^ss ^ /_£!_ — ?f 
Solidity cone an ^ ares baae x perpend, height 

Squaring 4ad neigl^ctij]^ the Gonsit«nt faetory we haTe, 
y=a?*r-^— 2J=-a2-2a:*= a max. ; 

... 1=^-8^-0, ... .=lVJ 

J, « 3 /F 

and;y= «=oA/ '• 

Hence it appears that the slant height is 3 times the radius 
of the baae. 

15. Let r be the radius of a circular sheet of tin ; it is 
required to find the dimensions of a sector cut out of it, 
which will form a conical vessel of the greatest capacity. 
Let X =s the length of the arc of the sector. 

Now when the sector is coiled up so as to form the cone^ 
X will be the circumference of the base, and r will be the 
slant height ; 

/• diam. of the base =-> and rad. base =;r- ; 

/, perpend; height of the cone=s:^ /Tr^— ^K 

and area base =s- x -—-r- ; 

4 w Tcir 



r*-^^r-3)= a oiax. ; 
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aj* / ? 

/, content = ^ area base x perpend. = J • x" A/ ^ "I? 

= a max. S<}uaring aiid neglecting.the constant factors^ 

16. Of all triangles upon the same baae a, and having the 
same perimeter 2p^ the isosceles has the greatest area. 

Let «=£ one of the sides^ then the other side :=2p^a^x. 
By Mensuration, prob, 3.> we have, 



area As: Vp(jf'~a)(p'^x) (j»— 2p— a— «)= a max. ; 
/. y=(p— i)(a+a:— /i)= a max. 

Hence we find, by the usual process, ^=/''~o> ^^^ ^^® 

a 
other side =:2p— a— «=:ji— 5. 

17. To inscribe the greatest parallelogram in a given 
parabola. 

Let AfiFG be the given parabola, and igfd the required 
parallelogram. (See^. to Ex. 2.) 

Put the height cn^b, and a;=EQ^ then by the property 
of the parabola, Ait. X9., 

G(^=4taxy and .% GP=:2'v/4aa:. 

Again, igssCQssoe— EQ=6~a;. 

/, area IGF D=GPXiG=2'/4ai(^—a;)=a max. 
,\ y=:a*(&— a;)2=a max, . 

/. ^=(6-ar)2-2a<6-a;)=0, 
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/, aj=— , and cq=&— i=|.& 
3 

That is, the height of the rectangle must be two-thirds of 
the height of the parabola* 

18. To determine whether y^afi-^Gx admits of a max, or 
min. value. 

In the preceding examples the peculiar nature of the 
figure has invariably indicated, with sufficient certainty, 
whether the proposed quantity became a max. or min. ; now 
in the following examples we shall find it necessary to em- 
ploy the test of a max. or min. given in the Bule. 

y=aj2-6a;; .% !^=2a?-.6=0; 

dap 

/• af=3. 

In order to ascertain whether this value of x gives a max. 
or min. value to y, we have to observe that 2^;— 6 wilji be 
negative for aU values of x less than 3, and positive for all 

values of ar greater than 3 ; that is, ^ will be increasing as 

ax 

X is continually increased ; hence we conclude that y admits 
of a minimum. Or we may substitute 3 for « in the pro- 
posed expression x^^Sx, and ascertain, by an easy trial, 
whether this value of x renders the expression a max. or 
min. 

19. To determine whether y^ax'^x^ admits of a max. or 
min. value* 

Here $^=a-2ar=0, /. «=?. 
ax 2 

Now a'^2x will he positive {or all values of x less than », 
and negative for all values of x greater than n ; that is, ^ 
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will be decreasing aa a; is continuaJlj increased^ therefore 
x=z- makes y a max. 

20. To determine the maxima and minima values of the 
function yss3a;3—a;4-c. 

^=90:2-1=0; .\ x=±^. 

Where x=:^ makes the proposed function a min., and 
a;=: — ^ a max. 

.% 1— a;2=0, and a;=±l. 

In addition to the criterion of a max. or min., given in the 
Rule, the following one maj be advantageously used. 

Now if the value of -r- be decreasing^ then it follows by 

Art. 46., that the differential coefficient of this quantity will 
be neffathey which will therefore indicate that the function 
admits of a max. ; and in like manner it may be shown that 
if the result of the second differentiation is a positive quan- 
tity, then the function admits of a min. 

In the above example, put y= . » .^, then we find by 

differentiating, 

di/_ 2x^--6x 

S""(a«+1)»' 

\ dyf . - . 

a?=-l,-^=? + i, /. y=-^amm. 



dx 



This process is equivalent to finding the second differential 
coefficient of y, or the value of -r^. {See Art. 59.) 
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21. To divide a given number a into two parts, such that 
the third power of the one multiplied by liie second power 
of the other shall be a maximum. 

Let a;=one part, then a— a;=the other ; 

/. y=±ar?(a— a;)'2=:amax. 

/. 3«— 5a:=0, andaf=-— . 

5 

22. Let a ship sfdl from a given place a, in the direction 
AX, at the same time that a boat sets ^, 
out from another place b to approach 
the ship ; it is required to find the 
direction in which the boat must sail in 
order to come as near the ship as pos- 
sible, the velocity of the ship being to that of the boat as m 
to n. 

Let D and p be the position of the two vessels when 
nearest to each other, then dpb must obviously be a straight 
line. Draw bc perpendicular to ax^ and put AC=a, BC=:6, 
and CD=a?, then bd= \/bc* 4-cd^= Vb^ -\-x^; moreover, 

AD : BP : : »> : «, .•, bp=^^^'^^^ • 

m 
/. PD=BD-BP='/6Ha?»— ^^^--^=amm. 

Hence we have by differentiation, &c., 

«.=0, /.«= '^ 




V6»+a» »» '/m'—n* 
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23. Within a given parabola aeb> 
to inscribe the greatest parabola gfO 
having ite vertex c in the middle of 
the base ab. 

Let CE = by and EQ = a;, then, 
Art X9.^ GQ^ = 4ap, and /. gp 
=:2'/4aa:. 

/. area parabola GC*=f gf . qc 

=f X 2 a/Io^x (6— a?)=a max. 

/, y=a^&— a;)'=a max. 

/. X or EQs^, andQC=CB— B<l=f 6. 

24. The comer a of a leaf is turned over, so «8 just to 
reach the edge of the page at c ; it is required to find when 
the lengdi of the crease pd is a minimum. 

Let AB=:a, and AP=a;. Join ac, cut- 
ting PD in f; drawFQ parallel to bc; 
then, since ad=cd, and ap=pc, there- 

fore AP=FC, AQ=:QB=^ and Z. afp= 

a right angle.' Now from the similar tri- 
angles APF and PQF^ we have, 

AP : pf::pp : pq, 




Q P Jl 



••• pf=Vap. PQ =/Y/a:(a?-|), 
Agaiiiy from the similar triangles apd and <)pf, 

AP :pd::pq : PF; 



• PD= 



• • 



_ AP.PF _ ^v ^r 2) ^^ ^ 



amuL 



PQ 



a 

X — 
2 
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^~2 

dt/__ 6x\2x-a)—4a^ 
'"' dx" (2x-ay ~"' 

/, 6x\2x—a)-^4a^=0^ and a;=fa. 

25. Find when the area of the part turned down is a 
minimum. 

AF= a/ap^— pf2= V^axy 
.\ area APD=^PD • AF= — i^i^= 



:=a mm. 
2 



a::* . 2a 

/. y=;r- =a mm., .•. x=-^. 

^ 2x — a ' '3 

26. If z=:b-^ax, represent the relation of the speed and 
traction of a horse, where z is the traction in lbs., and x the 
rate in miles per hour ; required the rate x so that the horse 
may perform the greatest amount of work. 

Work per hour = 52S0xz=52S0x(b-^ax)=: a max. 
.'. y=ar(6 — aaj)=^a?— aa?2=s a max. 

250 
If 6=250, and a=41f, then x=^—rj^=B. {See Tate's 

Mechanics, Art. 6.) 

EXERCISES. 

1. Divide 15 into two parts, such that the product of the 
less by the square of the greater, shall be a maximum. 

Am, 10 and 5. 
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2. The greatest rectangle inscribed in a quadrant of a 
circle is a square. Prove also that the same is true for the 
whole circle. 

3. Required the same as in JEx. 9., when the cistern is 
closed at the top. 

Ans. The vessel must have the form of a cube, 

4. Required the same as in Ex, 9., when the cistern has 
the form of a right cylinder. 

Ans. The height mtist be half the diameter of the base. 

5. Supposing the vessel in Ex. 9*, to be made of tin, and 
that it is divided into two compartments, what will then be 
its dimensions? 

Atis. Hie height must be f of the side of the base. 

6. Required the altitude of the greatest cylinder which 
can be cut out of a sphere whose diameter is d. Ans, i>^/^ 

7. Given the same as in Ex. 13., to draw dq so that bd + 
BQ shall be a minimum. Ans. rd= ^^/ab. 

Next shojcv that bd=bq when the area of the triangle dbq 
is a minimum. 

8. To find a point in a semicircle, such that the sum of 
the lines drawn from it to the extremities of the diameter 
shall be a maximum. Ans. The point will bisect the arc. 

9. Of all the cones whose convex surface is given (=c) to 
find that whose solidity is a maximum. 

Ans. Hie radius of the base =A/ o* 

10. At what point in the line (=d) joining the centres 
of two spheres, whose radii are r and r^, can the greatest 

3 

amount of both surfaces be seen ? Ans. a?=-r s. 

11. The altitude of the least cone circumscribed about a 
given sphere is equal to twice the diameter of the sphere. 

12. If two bodies, a and c, move at the same time from 
two given points, A and c, in the directions AC and cb, and 
with the velocities m and w ; it is required to find the dis- 
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tanoe moved over by c, when they are at the least distance 

from each other, 

. anim-^-n cos c) , 

Am. ar=- Q •. 9 . o -^^ where a=AC. 

m^^~n^-\-2mn cos o 

13. The altitude of the greatest parabola that can be 
formed by cutting a right cone is f of the slant height of 
the cone. 

14. Required the base of the greatest rectangle which 
can be inscribed in a semiellipse, whose major axis is 2a, and 
minor axis 2b. Am. a V2. 

15. Let y=a;^ + 3a;+2 ; to find when y is a max. or min. 

Ans. a:= — f makes y a min. 

16. y=3a?2— 4a:is a min. when x=^. 

17. tr^-ir- ris a nrin. when aj=2, and a max. when 

Jr-jrX — 1 

18. y=l +3a:— aj® is a max. when a:=l, and a min. when 
ar= — 1. 



RULES FOB THE DIFFERENTIATION OF FUNCTIONS. 
[ ComHnued from page 56.] 

52. Bute 8. To differentiate a compound function, or the 
function of a function. If f/=¥(z)y where z=J{x), then 

-^rr-^x-^-; that is, the differential coefficient of y is 
ax dz ax ^ 

found by taking the differential coefficient of y with respect 

to Zy and then multiplying this result by the differential 

coefficient of z with respect to x. 

First, taking a particular case in order to illustrate the 

.17 X 

process of reasoning, let y= . r^ , or putting z for Trr-> 
y=z2. 

X 3 
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Now, when x tftkes the increment A, let z be increased by 
k, then 

. . o incr. z^ , 

incr. y =mcr. 2^= — v — x « ; 

incr. y incr. «* A ,,- 



« • 



but incr. z^=i{z+ky-z^=:i2zk+k^, 

incr. 2?* 






=2z+k; 



and z= 



/. incr. « or f'-i^^^^'i:^-fi_^^_^i,y(^i^^y 

k_ 1 

substituting these values in eq. (1), 
incr.y _. . 1 

which is true for all values of h» Now when h approaches 

0, k also approaches 0, for the magnitude of k depends upon 

the magnitude of A; hence, taking the limiting value of 

incr. V , 
— T-^, we have, 

dv ^ I ^x, J.' dz^ ^dz 

^ ^ dy ^2x 1 __ 2aj 

Crenerally, let t/=F(^z\ where 2?==/(a?). 
Supposing, as usual, a; to become x+h. 
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/ X incr. f(z) . 
incr. y=incr. fCz)=z— ^^-^ x incr. 2?, 

multipljiug and dividing by incr. z ; 

incr. y incr. f (z) incr. z 
A incr. z h 

As this equality is true for all values of A, it will therefore 
be true when h approaches 0, that is, it will be true when 
the ratios are taken at their limiting values. But when h 
approaches 0, incr. z also approaches 0, since the magnitude 
of incr. z depends upon the magnitude of h ; and then the 

limiting value of — ^— ^ — — =- ^ - , the limiting value of 
° incr. z dz ° 

incr. z mcx.jXx) dJXx) , 

— - — or /^ ^ = J , and so on. 

h h ax 

,^ dy^ dYJz) ^ dj{x) ^^ ^^dz^ 
** dx dz dx dz dx 

Ex. Lety=a-|-aJ"— Va-^-af.* 

Here, putting z for a-fa;*, we have^ 

} ' 

••fito ^ 2z 2>v/^qf:^' 

.dz d(a-{'3if) ^^. 

. ^^y dz _ \ . 1 1-1 

^^doT'dz dx'~\ 2Va-\-^j 

In practice the operation may be conducted after the fol- 
lowing manner : — 

' This may also be differentiated by rule 7. 

E 3 
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hut z=a+af ; ,\ dz=n3if*-^dx ; 



\-naf*-^dxi 



I 2 Va-|-a:*J 

As exercises on this rule the student may work out any of 
the examples under Eule 7., which is merely a particular 
form of the one here given. 

53. Rule 9. If y^f{x\ then ^=^- 

First, as an example, let y=-^ — r, then solving this equa- 

1 +v 

tion for ar, we find'af= — -y thereby showing that if y be a 

if ■ 

function of Xy then x must be a function of y. When x takes 
the increment A, let y take the increment k^ then 

, l+y+* 1-fy * 

incr »c or ih' — *^ — - « 

. , incr.y A , —A , tx 

Now when A approaches 0, k also approaches 0, hence we 
have by taking the limiting values, 

dy^ _ 2 or i. 
dx ^ dx 

Let us now take the general function y^f{x)^ It will be 
readily understood, since y is a function of a?, that x may be 
found in terms of y, or what is the same thing, x must be a 
function of y. By simple algebra we have 
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incr. y ^ 1 
incr. ic"~incr* x 
incr. y 

Now as ^ is a function of a:, the limiting value of :; — — , 

incr. X 

dv 
or -^ may be found when incr. xov h approaches ; and in 

like manner, as « is a function of y the limiting value of 

: —, or ^ may be found when incr. y or k approaches 0, 

which it does when A approaches ; therefore taking the 
limiting values of both sides of the equality, we have, 

dy I . dx I 
dy dx 



Examples. 

1. Lety=aj*-h3a?+a, required -r-. 

Here we might find the value of x in terms of y, and then 
proceed to determine the differential coefficient by the pre- 
ceding rules ; but the process, in general, will be much more 
simple by the present rule. 

dy^n j_o ^—JL^ ^ 

dx 

In practice the operation may be conducted in the follow- 
ing manner ; differenting the proposed function, 

dy=2x dK^Zdx=i(2x-{'Z)dx ; 

dividing each side by rfy, 

dx,^ ^v , dx 1 
^^(2.+ 3)=l,...^=2-^3. 

s 4 
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2. Let y=aa:+c, then -7-=^« 

^ • dy a 

X dx 

3. Let y=i3^. then ^=(l-a')2. 

4. Let y=aj--a:, then _=_jj-j— ^. 

5. Let a:=Y^. then ^^= v!o • 

54. Rule 10. To find the differential of ^ exponential 
function, multiply together the hyp. log. of the base, the ex- 
ponential itself, and the differential of the exponent 

If y=a*, then dy^=\og^ a . a'dx. 

Let X take the increment A, then we have, 

incr. y=a*+*— a*=a'(a*— 1) • • • (!)• 
Developing by the binomial theorem, a*= {1 +(a— 1)}* 

=l+A(a-l)+^^^\o-l)»+&c. ; 

.-. a*-l=A(a-l)+^^^(a-l)'+&c. 
Snbstitnting this in eq. (1), and dividing by h, 

Now when A approaches 0, the limit of — ^^=r-^ ; 

.-. J=«'{(«-i)-K«-i)»+K«-i)»-&c.}. 

But by Art 9-, (a- l)-i(«-l)*+K«~ !)*-&«• =%««; 
••• J=^°8' « . «», and dy=da-=log. a . c^dx. 
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If y=a', where z^f{x)y then by Rule 8., 
dy da* dz . dz 

/. c?y=efa*=log, a . a*dz. 

Cor. If 6 be put for a, then, since log« c= 1, we have, 

d^=^dZy 

that is, the differential of e!' is the product of e* and the 
differential of the exponent. 



EXAMPLES. 

1. Let y=c^, then €fy=c**c?(a?*)=2arc**dir. 

2. Let y=«% then dy^n^'dx. 

3. Let y^oP^ +*, then c?y=loge a . a«**^*ef(ca:3_j_ar) 

=loge « . a«**+*(3ca:« -f 1 )dx. 

4. Let y=aj"c*, then by iZu^ 5, 

dy=naf^^dx x c*+e*d!r x aj*=af~'e*(» +aj)d!r. 

5. Lety=6*(a?— 1), then dy=e*xdx. 

6. Lety=c*(«^— 2a?+ 2), then c?y=6*a?2cfar. 






8. Let y=(l +c*)", then we have, by Rule 7., 

9. Lety=(a?+«')^ then rfy=2(a? +€*)(! +«*>&. 

55. i?«/^ IL To find the differential of the logarithm of 
a quantity, divide the differential of the quantity by the 
hyp. log. of the base x the quantity itself. 

Ify=log,«,thendy=j^^. 

■ 5 
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Let X take the increment A, then we hare, 
incr. y=log„ (x+h) -loft, ar=log« ^^ =log« (l +-) 5 



incr. y __ 1 



Now when A approaches 0, the limit of — it ~^ ^'^^ ^7 

X 

Art. 2a J:a?. 13., log^ f 1 + - 1 =log« «= j^Z"^* (see Art, 9.), 
dy dloga^ 1 jj ji dx 

Or thus : — From the nature of logarithms, x=:av, there- 

dx 
fore by Rule 10, dx=log^ a.cfi dy\ /. 4y=:i . 

If y=logaZ, where z=~f(x), then by Bute 8, 

dt/^ d loga g ^ cto^ 1 ^dz 
dx dz dx log a . z da? 

dz 

and dy^d log- «=i . 

^ ®" logea.2? 

Cor. If the base be e, then log^ e=z 1, and 

c^ loge z^-^ ; 

that is, t/ie differential of the hyp, log, of a quantity is equal 
to the differential of the quantity divided by the quafUiiy 
itself 
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Examples. 

1. Let y=log,ca:3, then rfy=j3|^=j^^. 

^_ _- ^_ - d (d -4- 35 ) dx 

2. Let y=log« («+«)> then rfyssr-A-^ — /= — ^ — . 

« T , „ ox , , dn+x^) 2xdx 

3. Let y=loge(l-ha?^), then di/=z ^^ ^^ fT^' 

da? l-\-x^' 

4. Lety=log^aa;", then ^==— • 

5. Lety=loge [a?+(a?2_i) }, then 

a.+(aj3-l)» a;+(a?2-iy 

_ [(a?g~l)^i-a?}<fa? _ dx 
(«a-l)H«+(a!2-l)*l (a;2--iy* 

6. Lety=log,--^=p=log«a;-i log^ (l-f«^), then 

J. cKi; xdx dx 



a: H-a:^ aj(l+ar2)' 

7. Let y =loge j^, then df/=z ^— ^. 

8. Let y =log. ^^p^j^, then *^=,^;^j^ 

s 6 
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9. Lety=a!" (log^a? — J, then 

/ l\ dx 

dy^Tvxr^dx X ^log, a?-- j + ^ ^ ^ 

10.. Let y=ar(logea?)", then dfy=:(log« a?)"-* {log* x-f «} dir. 

dx 

11. Lety=c»logear, thend|y=c*(fo?xlogea?4-^xc* 

. =e*-! loge«+- \dx. ^ 

dx 

12. Let y=e ^**'*, then. rfy=e^«* — . 

13. Lety=loge^i^=log,(c*-l)-log(e'+l), 

, - ^dx eFdx __ 2€fdx 
then rfy=^^-^-^,^-^^;~j. 



/l-fa? 

14. Lety=c*/y/ j^^. 



A complicated product may often be conveniently differen- 
tiated by first taking its logarithm. 

log«y=a?4-iloge(l+a;)-ilog«(l-a:); 

dv dx , dx 2 — x^ J 

15. Let ysaa*, then log,y=« log,*, 

.'. j=dx . log,ar+a! . — , •*. ^=a«(log.ar+l). 
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56. Bule 12. To find the differentials of the trigonome- 
trical functions, din x, cos Xy tan a?, &c. 

d sin a;=cos x dx^ d cos a?=: — sin x dx^ 
c? tana;=sec ^x dXy &c. 

(1.) Let y=sin x, then if x takes the increment A, 
incr. ^=sin (a;-f A)— sin xsms2 cos (a?+p) sin ^> 
by Trigo. Art. 32. page 121. 

sin ^ 
Incr. V / AN 2 

... _^=cos (f +2J-r 

Now when A approaches we have at the limits (Art 
Ex. 17.), ♦ 

. A 

sill o • J 

A ' h dx 



dy d sin a; 
/. 3^= — J- — =cos OJ, 
dx dx 

and dy^zd sin a?=cos a; d!r. 

If y=sin 2^ where z=:f(x), then, by Eule 8, 

c?y__rfsin2? efo__ dz 

'Sir' dz dx"^ dx? 

and di/=d sin «=cos zdz, 
(2.) Since cos a?=sin r~a:J, 

A rf cos x=d sin T^— a;j=:Cos f^— arj d (^--^j 
=sin a; X — cte= — sin xdx. 



86 



BIFFBEEKTIAL CALCULUS. 



And generally, d cos a?=— sin zdz, where z^f{x). 



sm X 



(3.) Since tan x= , then, by Eule 6, 



dtajix=i 



cos a; 



^ sin a; X cos x—d cos or X sin a; 



cos ^x 



(cos 2a?+sin ^a?) cfo; dx « , 

— \ _ 1 — -s s-=sec ^xdx. 

cos ^a? 



cos 'a? 



And generally, c? tan z=z8ec^zd2, where z-=f{x). 

dz 
(4.) Similarly rfcotz=-g^^. 

From these cases the differential of any other trigonomc' 
trical functions may be readily found.* 




* The method of mfinitesimals invented by Leibnitz enables us to 
arrive at these results,^^ well as those in Art. 58a) 
with great simplicity. Let c be the centre of the 
circular arc a p, of which p n is the sine, and c K the 
cosine, the radius c a being unity. Then, according 
to this method, we may suppose q to be taken so near 
to F that FQ may be regarded as a straight line, per- 
pendicular to c p. 

Let APs3<, FKs^, and cKae^r; then FQ=se&, it 
being the indefinitely small increment of « ; similarly -Lfx—dy^ and scir 
or LF» —dx. By the similar triangles plq and pnc we have 

PQ : LQ ::cp : CN, 

or rf» : cfy : : 1 ; a:, 
.*. dy^xY. d», that is, d sin. «aoos. s x cb. 

And PQ : LP :: cp : pk, 

orrf» : —die :: 1 :y, 
.*. dx^'^y X d9, that is, d cos. «s —sin. « x <&• 
Again, from the equation dy^^xxda we have 



,_^ ^ 



<&=: — =:s-7==, that is, rf siu -^V«=— T===r. 



And from the equation dx^ — y x e& we have 
dx dx 



(2»»-: 



'/n^ 



, that is, d COS" ars — 



dx 



^l-«« 
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Examples. 

1. Let y=sin nx, then di/= cos nx x £i(na?)=« cos nxdx. 

2. Let y=sin%, then by Rule 7., 

£?y=3 sin^a; ^sini!r=d sin^ aosxdx, 

3. Let y=(cos «)", then d'y=w(co8 ar)"-^ x ef cos a; 

= — »(cos a?)""^ sin a? dx. 

4. Let y=sin 2a? cos ar, then, by i7f</e 5, 

-^=2 cos 2a; cos a:— sin x sin 2ar 
ax 

=cos 2a? cos a? -f- cos 2a; cos a?— sin 2a? sin x 
= cos 2a; cos x + cos 3a:. 

5. Let y =a?— sin x cos a*, then c?y = 2 sin^ a? dir. 

6. Let y=c^ *, then efy=c^ * c? sin «=e^ ' cos a? da?. 

7. Let y=loge sin 2a?, then, by Rule IL, 

_- cf sin 2a? 2 cos 2a?cfa? • ^ , ^ . 

ay= . o = — :— o =2 cot 2x ax. 

^ sin 2x sm 2a? 

8. Let y=log../i±^ 

V 1— sma? 

=i loge (1 + sin a?)—^ log^ (1 -sin a?), 

, ., d(l + sin a?) ' ^ </(l — sin a;) __ cfa? 
• • y IS 1 + sina? ^ 1 — sina? cos a?' 

In a similar manner the other differentials may be obtained. It must, 
however, be observed that the correctness of the results, obtained by this 
method, arises from the principle of the compensation of errors. The 
first error that we adopt is, that pq is a straight line perpendicular to cp. 
Now as this will be more and more nearly true as the arc pq approaches 
0» we compensate for this error by taking the magnitudes depending 
upon PQ as if PQ were really 0. This method invariably leads to correct 
results; and, with due care, it forms one of the most powerful instru* 
xnents in the application of the differential calculus. 
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9. Let y=log. a /J^^ then #= X. 

^ ^ - , dy n tan"-' x 

10. Lety=tan"a?, then ^^ 



cos* a: . 



11. Let y=tan «— «, then ^=tan2 x. 

^^ -r / TT- 1 ^y sec^2a? 

12. Let y= v tan 2aj, then —=—7==. 

13. Let y=co82 a:— sin^ ar, then c?y= —2 sin 2a; d!r. 

14. Let y=8ina; cos a? tana;, then 

loge y=loge sin a?+log« cos a?+loge tan x ; 

^__co8a?<fe_sina?cfcr dx 

'* y sin a; cos x cos^a? tan a? ' 

. dy , r 2 1 

• • -r=isinaj cosa; tanaji cot ar — tana? H — r— ^5- 1. 
oa; . L 8in2a:J 

15. Let y=gi^ * ; /. log^ y=sin x loge x ; 

c?y , , dx . 
/. -^=cos. xdx X logc a:H sm xi 

y ^^ X . ' 

.% ^=af^ * 4 cos a: . log^ a;-h^^^ |. 

16. y=ze^ sin ra?, -^=c*** (a sin ra;4-^ cos ra;). 

17. y=c* sin"»aj, -f-=^ sin*^i a;(sin a?+»» cos a;). 

18. Let y=sec a? ; required ^- . 

,^=sec a?= , then, by Eule 6., 

- cosa; ' "^ 
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dy sin 0? sin ar 1 

-^= — -_= . =tan X . sec a?. 

dx cos^ir cos X COS X 

After the same manner prove the following formulae : — 

ef(versina;) 

d cosec X 

J — = —cosec X . cot X, 

ax 

57. NotaHon of Inverse Functions. If y=F(a?) be called 
the direct function, then a;=F-^(y) is the notation expressing 
the inverse function. ' Hence, if we have given the inverse 
function aj=/-^(y), we immediatelj return to the direct 
function y=f[x) ; thus if y=i8in -*«, we have sin i/=x ; 
therefore the expression sin -*x indicates an arc whose sine 
is X, and so on to other inverse functions. 

SS, Rule 13. To find the differentials of inverse trigono- 
metrical functions. 

X dx 

( 1 . ) If y = sin -*-, then rfy =- 



I XX 

For if y=sin -^- ; /. sin y=- ; 
^ a ^ a 

, , dx , dx 

.\ d sm y=~ ; .'. COS y ^y=— ; 

(2.) If y=co8-'-, then dy=-^^==. 

X dx 

For cos y=- ; .'• —sin y dy=. — ; 

•• ^"a sin yy^'^l— Cos^ ~ Va^—x^' 
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(3.) Ify=taii-»5 thendy^^^-^. 

For tan y=- ; /. sec^ y ay= — ; 
, dx dx adx 

Similarly we have d versin -*-==— 7===- 

a V2ax-'X^ 

, J .X adx 

and a sec--= 



a arv'a?*— a** 

In these fonnulaB the radius of the circle is a in reference 
to the arc x ; but they are at once reduced to radius unity 
by making a=l ; hence we haye> 

dy:=:d 8in~^a?=— 7 .... (1.) 

"^dx 
cZy=cZcos-*a?=-7== .... (2.) 

^ Vl-a^2 ^ ^ 

dy^sid tan-^a;=-T~ — 5 .... (3.) 

I -j-a?^ ■ ^ 



Examples. 



1. Let y=8in-^ . — L- , to find dy ; 

vl+aj* 

.•. sin y=— 7===^ ; differentiating we find, 

(a? "N dx 
, — 1= ;; 
Vl+W (l+a;2)l 

- \ dx 



cosy (14-«2)5 
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But cos y= ^/l-8inV= aJi - j^=^-^. ; 
hence we have by substitution 

Or thus^ by the immediate application of formula (1), 

, for a?, and /, -z ^ 



where we must put ^^ for a?, and /, yt-^ for a?^, thus 



we have 



2. Lety=sin-»^P^ then £/y=-j-^. 

The following examples admit of concise forms of solution ; 
at the same time it should be observed that they may all be 
solved by the methods given in Ex. 1. 

« 

3. Let y =cos-* (4a:3— 3a?), then cos y=4aj*— 3ar ; 
hence by Trigo. Art. 31., p.l21., ir=cos^, and y=3 cos-^a:, 

••, by formula (2), rfy= 



4. Let y=sin-*(3a;— 4a:3), then dy=z 



Sdx 



Vl^a^ 



5. Let y=tan-^-j ■„, then dy=T-— . 

6. Let y = sin-' (2a?— 1 ), then dt/= — = -. 

Vx—a^ 
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Successive Differentiation. 

59. In the preceding articles we have framed a system of 
rules whereby the differential coefficient of the ordinary 
functions of x may be calculated ; this differential coefficient 
we have defined to be the limiting ratio of the increment of 
the function to the increment of the variable x, and have 

designated it by the symbol "^ , or ■— where y is put for 

f(x). This symbol represents an operation^ which is given 
for each particular form of the function in the rules already 

established; thus if y=«", we find ^ by decreasing the ex- 
ponent by unity and multiplying by «, that is, -~=naf^^, 

and so on to other cases. But this operation may be re- 
peated until the expression operated upon becomes zero. J£ 

•J- represents one operation, then by an extension of the 
meaning of the symbol,-! — ^ -or more concisely -i-^ will 

represent two operations ; and generally -j^ will symbolise n 

operations ; hence this symbol is called the nth differential 
coefficient. For example, if y=a:" we have 

-^=w(»- 1)(«— 2)«'»-^, and so on. 



ds? 



Examples. 



1. If y=aa:!3 -frc^, then ^=3axH2ar, 



SUCCESSIVE DIFFERENTIATION. 93 

I 

^^=6«.4-2, g=6«. and g=0. 

2. Lety=a-ia?2, then ^=—2^. 

3. Lety=a:*+a:3 + a;Ha?+l, then ^=1.2.3.4. 

1 

4. Lety=^=a;-2^ then 

^^=2.3..4.5ar^= ' U ' * hence generallj we have 
^y_ (^l)«2.3.4...(» + l) 

5 Let t/=^L. then ^^-^ 2^1-^^) 

5. l.ety=j_^^2,then ^^- (i^^)4 • 

6. Let y=c+*(a:— a)", then ^=n(«— 1) . .. 2 • 1'. ft. 

7. Let y=.a*, then -^=zlog^a , a* 

2^=logea . logeC . a*=(logea)»a*, and so on, 

8. Let y=c^, then ^=»»*«^. 

9. Let y=afc*, then 
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10. Lety=a?6*, then -7^=(3+a')c*, and generally 

In Lagrange's method of derived functions, the symbol 
/ (x) is used in the place of •^ ,. and is called the first de- 

rived function ; f\x) is used in the place of -4V^> "id is 
called the second derived function, and so on, /*(a?) being 
the wth derived function, and equivalent to - }. . 



Maclaurin's Theorem. 

60. \iy=>f{x) admits of being expanded in the ascending 
positive powers of a:, let 

y = A 4- Ba? + ca:* -f ixr^ H- &c. 

where a, b, c, &c. are called constants, the values of which 
we proceed to determine. 

By successive differentiation we have • 

dy 

•^=3 -f 2ca? + 3Da?2 -f 4Ea:3 ^ &e. 

^=2c-f 2 . 3 . Dar-f3 . 4 . Ba?2+&c. 

d^y 

^=2.3.D + 2 .3.4Ea;-f-&c. 

&c.=&c. 
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Now since a, b, c, &c. do not involve rr, they must remain 
the same whatever value may be given to x. Make a:=0 in 

these several equations, and let (y)o, ( ^ ) » ( ^ ) » &c. 

represent the values of y, -^ ^, &c. when x is taken 0, 
then we have 

^)o=-(l)o=--(g)=^^' 

•••«=(S)o-TT2'(S)o=2'3.«, 



•••"=(S)ot473'"'* 



80 on. 



Hence, by substituting these values of the constants in the 
assumed equation, we have 

-«.+(l).-f+(S)/A-(g).-T^a+- 

This development is commonly known by the name of 
Maclaurin*s Theorem.* 



Application of Mcu:laurirCs Tfieorem to the development of 

functions, 

61. Let y=(a4-a?)"; 

then making aj=0, (j/)o=^a"' ; 



* Adopting the notation of Lagrange (see page 94. ), this theorem 
may be written, 

A')-Ao)-ff(o) . Y+/"(o). j^+/"'(o). YTTTs*'^ 
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|=«(«+x)- .-. {|)^=«a-; 

d-y f^\ 

&c.=&c. , .'. &c, =&c. 

Hence, by substituting these values in Maclaurin's 
Theorem, we have 

« 

y or [a +a;)"=a" + ya"-* x ■\- \ <^ o *^ a?* +&c., 

which is the binomial theorem.* 

62. Lety=loge(l+a?) ; 
then (y)o=loge 1=0; 

differentiating by Rule 1 1^ 

^= ^ • r^^ -1 . 
dx TT? •• VdirA" 

and so on. Therefore, by Maclaurin's theorem, 

^Mb^S ^m^bB ^^b^^ 

y or loge(lH-a?)=«— -g + g- — ^+&c 

Cbr. Putting a?— 1 for a: we have 
logea:=(ic-l)-i(ic-l)2H.^(a?-l)3-K^-l)'+&c. 



* Although this theorem has been used in establishing the rules of 
differentiation, yet it will be instructive to see how the differential cal- 
culus may be applied in proving the binomial theorem. 



APPLICATION OF liACLAURIN's THBOEEtf. $^7 

d3. Let ysBO*; 

then (y)o=a<»=:l ; 

differentiating by rule 10, 

|=log.a.«', A (|)=log.a; 

g=(log,a)««', ...(^)=(log.a)«; 

• • • 

g=(log.«)-«'. ... (g),=(log,«)-. 

64. To expand sin x and cos x in terms of the arc x. 

Let yssin «, .*. (y)o =8in 0=0; 
differentiating hj rule 12, 

J=cos «, .-. (1)^=008 0=1 ; 
g=-sinar..v(g)=-8inO=0; 

g=-co8a:, .-. (g) =-cobO=-1; 

and so on ; where it is obvious that aU the even orders of 
differentiation will become 0, and the odd ones alternately 
plus and minus, 

.♦. ai°«=»-r:^+ i.2.?.4.g -*^ 

Differentiating both sides of this equality, 

'^^^^-l^+ l. 2^^3.4 -^ 



F 



1 
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d5. Let y=8iii-*a? ; 

then hj Art 58.^ eq. (1), atid expanding by the binomial, 

f?=^l==(i-««)-i 

Differentiating this equatioii for 2n times, and then making 
aj=0, we shall obviously, have, 

(^).= ' •|;4;<'-.;" • ^'•(»-) • • • ^ • ■• 

Hence the general term of Maclaurin's theorem is 

r d?^\y \ ti^\ _ 1 . 3 . . . (2n->l) a:»»-^^ 

ldic»»+Vo '1.2... (2n+l)"" 2 . 4 . . . 2« ' 2/1+1* 

Therefore taking n successively = 1, 2, 3, &c., we obtain 
the 3rd, 4th^ &c. terms in the development. Moreover we 

have (y)o=8in-*0=0, and from eq. (1), [^ j =1, 

• • -1 ^1 a»^1.3 a:«^1.3.5 «^ . - 
• • 8"^-"*=*+!-^ • 3+274 • 5+27476 ' 7+ ^^ 

Developments of this kind may often be obtained more 
simply in the following manner. 

Assume y=Ao+A.iX+A,a53 4- &c. 

••. ^==Ai+2Aja?+3A,af»+ &c 

Equating the coefficients in this expansion, with those in 
eq. ^IX we have, 

A,=:l; A,=0; 3A3=J, .•. A3=J. J; A^srO; 



1.3 1.3 1 , 

5a5=:2 -^, /. ^5=2--^ . ^ ; and so OIL 
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* 

Moreover when 07=0, Ao=(y)o=8in-*0=:0. 

Substituting these values in the assumed equation, we find 
the same expression for sin"* a; as that above given. 

Cor, The length of a circular arc may be readily found 
by means of this series ; thus, let the arc contain 30°, then 
sin-*oj=arc 30°, and 

.% a: or sin 30=^; 

.♦. arc ^=\+^2 • 3^+^ ' j:?!* +**'•= "^23698 &c 

But the arc 30° is -^ of the whole circumference, 

/. circumference to rad. 1=7*523598x12 
•*• circumference to diam. 1=3*14159 &c. 

6S. Let y =tan-*J7 ; 

then by Art. 58., eq. (3), and dividing, 

Hence we have by successive differentiation^ 

^ = — 2a? -h 4a:8— 6«« + &c. 

^=-2+3 . 4a;*-5 . 6a?*+&c. 

-^= 2.3, 4a:— 4 . 5 . 6arJ» + &c. 

^=s2 . 3 . 4-3. 4 . 5 . 6«2 + &c. 

&c.=&c. 
Now make a:-=0, then (y)o=tan-*0=0; 

p 2 
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^=2 .3.4; and so on. Substituting these values in Mac- 

laurin's theorem, 

2a^ . 2.3.4aj» . 
^="^-2:3+2. 3. 4. 5"*^-^ 

or tan-*a?==- — 5-+-r— &c.> 

Loo 

which is an expression for the length of an arc in terms of 
its tangent. 

This development maj also be obtained, by differentiating 
both sides of Madaurin's theorem, in order to derive the 

value of ^ and then equating the coefficients of this series 

dy . 

with those in the series for ^ just given. 

67. Bj Art. 8. Cor, 1., we have, 

«.=H-«+2-+2-3+^-3-^+&c 

In this expansion put a?A/— 1, and — a? V"^ successively 
for a?, then 

^ a:* a^V — 1 aj* 

first adding these equations, and then subtracting, &c., 

=2cosa; . • . (1), by Art M. 

=2 \/^ sina; . . . (2), by Art M. 



COS X- 
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Adding (1) and (2), and dividing by 2, 

«*'^=cosa?+ V^l sina? ... (3) 
Subtracting (2) from (1), and dividing by 2, 
r^^*=cos«- VITi sinar . . . (4). 
Cor. 1. Hence from (1) and (2), we have, 

' 2 ' 

and sm ar= ; . 

2V-1 

Cor. 2. Dividing the latter eq. by the former, 

tan 0?= = — 7= =■ = _^____i. 

These remarkable formulae were discovered by Euler. 
Cor, 3. In eq. (3) put nx for a?, 
.-. cos«a?+>/ITsinn«=c«*^^i=(c*^^" 

=(cos «4- V—l sin a?)», from (3> 
This is called Demoivre's Formula. 

tatlor's theorem. 

■ 

6a Let/(a?)^flwr"^-5x«+caJP + &c., 

where n, m, p, &c. may represent any constant quantities, 
whether integral, fractional, positive^ or negative. 

Let X become a?4-A, then we have, 

/(a;-fA)=a(a:+A)- + i(a?+A)"»+c(«H-A>'+&c., 
expanding by the binomial theorem^ and arranging the 
terms according to the ascending powers of A, 



F 3 
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/(ar+A)=aaj" -|- naxT-^ 






J^ 



1 .2 



H-&C. 



&c« &c. 

Here it will be observed that the first column in the 
expansion is the proposed function /(or) ; the second column 
is derived from the first by differentiation ; the third column 
is derived from the second by differentiation ; and so on, 
any column in the series being derived from its preceding 
column by the process of difierentiation, 

This important development was first given by Dr. Taylor, 
and hence it is called Taylor^ s Theorem. 

The following proof is usually given by writers on the 
differential calculus : 

69. Let y=/'(£r+A), where x and h are independent of 

each other, then -^^Jr ; the former being the differential 

coefiicient of y on the supposition that x is the variable, and 
h constant ; and the latter that h is the variable, and x 
constant.* 



• Put »=* + *, /. y «/(0» then by -Rw/e 8. 

dx dt dx ds 

because --^^^^i^«=--l 
cu? dx dx 



Again, 



dy df^ d» dfisi) 
dh^ ds ' dh^~dr* 



ds d(x + h) dh , 
^^"^dh dh dh^^' 

.'. -f- = -:,, each being equal to ~-^. 
dx dh « - ^ 
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This principle depends upon the circumstance that x and 
h are involved in precisely the same manner. The following 
illustrations will render the truth of the principle sufficiently 
apparent 

1. Lety=a(«+A)"4-i(a?-f A)"*H-&c.; 

ox 
and J[=na(ar+A)"-i+w6(ar+A)"^i+&c 



dh 



• • 



dx dh' 



2., Let y=log^ {x+h) . sin (x-\-h). 

Let us now assume, 

Where the quantities k, p, q, &c. are functions of x not 
involving A, and a, i, c, &c. are constant indices which 
remain to be found. None of these indices can be negative, 

for if any one term were of the form rA~*=7^,. that term 

would become infinite when A=0, while the left hand member 
of the equation is reduced tof(x). All the exponents there- 
fore being positive, they may be supposed to be arranged in 
an ascending order, that is, a>b, b>c, and so on. The first 
term, as in the assumption, must hef(x), for when A=0 we 
must have the equality /(a:) =/(a;). 

Differentiating first with respect to Xy and then with respect 
to A, 

dAx±h)^d^ d^ di. p ^ 

ax ax dx ax dx 
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Now, bj Art. 69. these two series are identical, whatever 
may be the value of A, and therefore the exponents of the 
several powers of ^ as weU as the corresponding coefficients, 
must be the same in both series ; hence we have from the 
identity of the exponents, 

a— 1=0, 5—1=0, c— 1=6, &C.; 

/. a=l, 6=a+l=2, c=6+l=3, &c 

and from the coefficients, we have, 

» 

, dr 1 d»f{x) , 

.J(x+n)-/{x)+ ^ 1+ <fo» 1.2+ dx> 1.2.3+* 

Or adopting the notation of Lagrange (see page 94.), this 
theorem -may be written, 

A''+h)=f{x)+f(x) J+/"(*) ^+f"(x}^^ + kc 

Putting y^f{x\ and yi =/(«?+ A), this theorem may also 
be written, 

Taylor's theorem will give the expansion of/(a?+A) in all 
cases, so long as x retains its general value ; but particular 
values may be given to a?, in certain functions, which will 
render some of the differential coefficients infinite ; in such 
cases the theorem is said to fail in giving the development 
according to the ascending integral powers of h, 

Maclaurin's theorem may be readily obtained from Taj- 
lors, by making a;=0, and then putting x for h. 
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Application of Taylor^s Theorem. 

m 

70. To expand (x+hy by this theorem. 

Lety=«», then ^^=8x>, g=6x, g=6. 

Substituting these values in Taylor's theorem, 

^ dyh d^y A- d^y h? ^ 
^^""^■^^I'^Sa 172^^17273 "*'*^" 

A A3 A3 

=a!8 + ar^A + 3a?Aa + A'. 

71. To expand sin (a;+A). 

Let y=sin a?, then ~=cos a:, 3;^= — sm a:, j^~ ""COS a?, 

T^==sin 0?, after this the values recur. Substituting these 
values in the theorem, 

y»-y+^ T-^a^ T72+S3 r:273+ *^- 

yi=sm («+«)= sin x-^co8 Xy— sin «^j — ^—^son «| — g— 5 
+ "^^ 1.2.3.4 +'^^^fT2T7:5-*"'- 

+'^n*~r:2T8+ i.2.3.4.g -^r 

When 07=: this expression becomes the same as that 
given in Art. 64. 
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Similarly cos (x-\-h) may be expanded. 

72. To expand logg(x-\-h). 

Let y=log.*, then ^=^ ^=-^ ^=^ 

.'. log.(«+A)=log.«+--|^+£-&c. 

73. To determine a series for the calculation of loga- 
rithms. 

In the preceding series, let a?=l, then log«a;=0, and 
.-. log.(l+A)=A-J+^_J+&c...(l) 

This series is of no practical use in the calculation of 
logarithms, since it ebyiously becomes divergent when A 
exceeds unity. 

Changing h into —A in this series, 

log.(l-A)=-A-f -f -|+&c. ... (2) 

Subtracting (2) from (1), we have, 

In order to fender this equation convergent) put 

for A, then- J-±4=— 5 
1— A X 



2a? -hi 
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A series of considerable convergencj, which enables us to 
calculate the logarithms of numbers by means of those which 
immediately precede them. For example, if a? = 10, then the 
first four terms of the series will give the value of log« 1 1 
correct to ten decimal places. Other series have been deter- 
mined which are still more convergent. 



Vanishing Fractions, 

74. The substitution of a particular value for x, in a frac- 
tion, sometimes makes both the numerator and denominator 

vanish ; such fractions are called vanishing fractions. Thus 

x—l 

-5 — r becomes ;r when «=1 ; however, we have by divisi^ 

iT— 1 II 1 

- A ' ., = — r^=K when a?=l, therefore ^ is the true value of 
x^—1 x-\-l 2 ' 2 

the fraction when x=^l. Here bojth numerator and denomi- 
nator vanish when a;=1, because they both contain the 
factor (c-* 1, which becomes when x=l. In like manner 

(a-a;)*+(o»-a!»)» ^ 
but dividing numerator and denominator by the common 
factor (a— a:) , we have 

(a-\-xy-\-(a—x)^ V2a' 

— ^ — I = 1 . /7^- -» when ar=a. 

l+(a+a?)* ^ + ^2a 

Thus by an easy algebraic process we may frequently find 
the value of a vanishing fraction ; the method, however, de- 
rived from the differential calculus is more general, and in 
many difficult caises much more simple in practice. 

f(x) 

Let u=r^-i-^ be a vanishing fraction which becomes ^ 

F(ar) ° 

when a; •= a. 
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/. uTt(x)=if{x)\ differentiating by rule 5, 
. sdu ^ d¥(x) df(x) 

but F(a?)=0 when 07=09 

Hence we have the following rule. To find the value of a 
vanishing fraction, divide the differential coefficient of the 
numerator by the differential coefficient of the denominator, 
and then substitute the given value for the variable. Should 
it be found, after this process^ that the fraction still vanishes 
t:ie process may obviously be repeated until the fraction 
ceases to have the vanishing form. 

» 

Ex, 1. Find the value of t<= ^ u^ «_^ _^ , when a?=l. 

Here the differential coefficient of the numerator is 3x^ ; 
and that of the denominator Sx*-\-4x^ 1, • 

"=8^+40.-1=2' '^^'^ *=^- 



• • 



2. w= s — s =5, when a:=2. 

X ^~^x 

I ^ 

3. M=i =» when a:=l. 

l-x 

4. Find the value of u=z-— — — — - — — when a?= 1. 

«*— 2ar-fa?* 

Here it will be necessary to differentiate twice. 

3ar^-.2a?— 1 



The result of the first differentiations is 



4a^-6aj2+2a?' 



6aj— 2 
and that of the second in 2^10 ■ 9 ~^=*^> when a:=l. 
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5. The sum of the series a?+2a?2-f 3ar^4-. . .+iwj*, is 
u= — ^ ; required its value when a?=l. 

By two differentiations we find «=?=?i?±i)!. 

2 

6. u=:-z «-=«, when a?=L 

1 — ar* 

^ 8ar»-6ar+3 3 ^ 

^- "=2^^1:4^+2=2' ^^^^=^- 

8. Find the value of , when a?=0. 

Here the differential coefficient of the numerator is 
a- log^a— 6* log.*; and that-of thB denominator is 1 ; 

.'. «=«*l^gea— ^loge*=logej, whenar=0. 

9. M= =c«, when x=a. 

10. «= J?iif- =0, when a?= 1. 

(1-0^)1 

11. «=s ZI — =3a, when a;=a. 

a— ax 

12. Find the value of ,,=£2i5!£z:52if , when «=]. 

1— aj2 • 

Diff. coeff. num^=— a sin eur. 
„ „ deno'.rs— 2a?. 

. ., —a sin oar a sin a , , 

— ^^ — =~~2 — ' ^ *= 

13. «=-J-l5?l% when a?=0. 

a?log.(l-fa?) 

After two differentiations we find t«=]. 



110 



DIFFERENTIAL CALCULUS. 



TANGENTS TO CUBYES. 



75. To draw a tangent to a given point p of the plane 
curve APQ referred to the 
rectangular axes kx and Ay. 

Let PT be the tangent, 
cutting the axis of x in the 
point T, then by Art. 33. we 
-have 




M 6 



tanNTP=-^. ...(1) 



dx 

In order to draw the tangent pt it is only necessary that 
we should find the point t, or the distance nt which is called 
the subtangent; for this purpose we have 

tanNTPXNT=NP, pr ~XNT=y, 

/. NT or subtang^t'scy-i^^^ . . . (2) 
The length of the tangent is found from the equation 

PT= ^''NP*^-NT•. . . . (3) 

If p 6 be drawn perpendicular to the tangent at p, and 
cutting the axis in 6» then ro is called the normaly and Na 
the nUmormoL 

Since Z.NPG=Z.NTP, 
A N6 or subnormalsNP x t^n vn^^y x tan ntp 

=y.|....(4) 
The length of the n<»inai is found firom the equation. 



TANGENT^ TO CUBVES. 



Ill 



p G or normalss \/n p^ -f n g^ 



=V^+»'(l) 



"V'+dy--™ 




Examples. 

1. To draw a tangent pt to any 
point p in the parabola. 

From the equation of the curve 
Art. 19., 

hence by differentiation we have 

2ydy^\adx, A ^=y ; 

substituting in eq. (2.) Art. 75., 

NT=y-i — = ^=-o- ^2x:=z2 ON. 
*^ y 2a 2a 

Thus it appears that the subtangent nt is equal to twice 
the abscissa on; and /. ot=on. 
Again from eq. (4.) Art. 7*., we have 

dy 2a ^ ^ 

N®=y . ^F=y . y=2a=2op. 

From this^ we learn, that the subnormal is a constant 
quantity^ being always equal to twice the distance of the 
focus from the vertex of the curve. 

2. To draw a tangent p^t to any point p^ in the circle 
APjDMi. (See^^r. p. 16.) 

Let A be the origin of co-ordinates, AN^ar, and NPi=y, 
then by Art. 18. Cor, I. 



dx y 
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substituting this in eq. (2.) Art. 75^ 
NT=y 



__ r — x^ y^ _2raj— a^ 



y r—x r—x 

Bf To draw a tangent pt to any point p in the ellipse 
ABDM. (See^. |). 16.) 

Taking A as the origin^ an=:x, and NP=y, we have by 
Cor. 1. Art. 20. 



y2= (2aa?-a:2), A £=-5 



a— aj 



substituting in eq. (2.), Art. 75. 

— 6^ a— aj__ a^y* _ 2aa?— a?^ 

Here it will be observed that as the value of NT is inde- 
pendent of b, it will remain the same whatever may be the 
magnitude of b or the minor axis ; hence it follows that if a 
circle ap^dMi, or any ellipse, be described upon the migor 
diameter ad, atid the ordinates npPj be drawn cutting the 
curves in the points p and Pj, then the tangents pt and P|T 
will intersect the axis in the same point t. This property 
gives us an easy geometrical method for drawing a tangent 
to any point in a given ellipse. 

4. To find the subtangent and subnormal in the cissoid* 

Here by Art. 23. the equation to the curve is 

x^ 
y^=^ ; hence by differentiation, 

n,,^,,^ ^Ker-2x)dx ^ . dy_ x'(Br-x) , 
^y«y- (2r-a?y ' " dx''y{2r--xy* 

substituting in eq. (2.) Art. 75., we have 

dy ar*(3r— a?) yH2r^xf 

subtangent =y^^=y^-i_-^=^^^ 

^ \ _ — 'i by substituting for y*. 
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Subnormal=y.^=-^2;;:::^. 
5. To draw a tangent to the point p in the cycloid. (See 

Jh- p- 21.) 

Let ON=a!^ NP=y, and BD=2r, then by Art. 25., 

ar=arc pb— pb, 

but arc PB=r versin-^— , and pr= a^br . rd= V2ry — y^ 



.:«-iy 



/, x^r versin""^ -— v^2ry— y* ; 

r 



differentiating by Rule 13, &c., 



V2ry—y^ V2/y— y^ ^2ry^y^ 

^ dx y dy y/2ry'-y^ 
• • ^y== /o =^» <>r :r = ^^— ^> see Art. 53. ; 

which is the differential equation to the cycloid. Substi- 
tuting this in eq. (4.), we have 

subnormal=:y . j^= V2fy^^^=sPB:s=NB. 

Hence the chord pb is perpendicular to the curve ; and 
as the angle formed by the chords bp and pd is a right-angle, 
PD is the direction of the tangent to the point p of the 
cycloid. 

6. The equation to the cubical parabola is, y^:=px. 
Show that the subtangent=3a;, and subnormals: ^. 

2rx—st^ 



7. In the witch (see Art. 22.) the 8ubtangent= 
and subnormal = — 



r y 
4r3 



x^ 
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8. In the curve whose equation is y^fx^ *^® ®^^ 

normals ,: r^v^i' 
(1 -\-x^y 



Asymptotes to Curves, 

76. As3rmptotes are tangents 
to the curve at a point which 
is at an infinite distance from 
the origin. Thus if ck be a 
tangent to the curve a]?Pi, at 
a point infinitely distant from 
the origin A, then ck is an asymptote; which may be drawn 
when the values of AC'or ad are finite when x and y, or x 
or y are infinite. 

Ex. 1. To draw an asymptote to the hyperbola. 




dy_h 



a+a? 



Here Art. 21., y=-^/2a^+aJ^ A ^^^ ' :7^^ 
Hence by eq. (2.), Art. 75., we have 



X 



a 



NT3=y-5 — 



b a+x 2ax-\-3(^ 



« y/2ax-\-x^ «+a? 



« • 



AT?=NT — AN= 



2ax+x^ 



a-fa? 



a?= 



1 " 
1 -f- 

X 



From the similar triangles tav and tnp, we have 



NP.AT 

Av= =y 

NT ^ 



ax 2oa?-|-a?2 
a+a? a-fa? 



x/f^' 



Now when a? is infinite, AT=a, and AV=6. Hence take 
AC=a, AD=5, and join CD, then CD produced is the asymp- 
tote to the curve. In this case the asymptote passes through 
the centre c of the curve. % 
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2. Draw the a83nnptote to the curve, whose equation is 

X 



y= 



l+ar^ 



Here we find ntss , -^ ; 

1— aj^ 

a<l+aj2) 2a?8 2 

'• l-ar* ^""l-ic« 1_1' 

«* X 

N P.AT _^ 2 



and Ay= 



Therefore, when «= oo, at= ot, and av=0. The latter 
result shows that the asymptote must pass through the 
origin a ; while the former result shows that the asymptote 
does not cut the axis of x \ that is, it must coincide with this 
axis. 

The method, given in these examples, is sometimes diffi- 
cult of application ; the following may be frequently used 
with advantage. 

Let (if possible) the equation of the curve be put into the 

c d 

form w=saa;+6+-+— s4-&c., then as x increases the terms 
^ X x^ 

after b decrease, and when a;=ao they vanish, leaving the 

equation y=ar+i for the infinite branch of the curve. But 

this is an equation to a straight line ok (see last fig.), 

cutting the axis of y at a point y=6, and forming an Z.c, 

such that tan o=a. (See Art. 14.) Thus it appears that 

the infinite branch of the curve coincides with the straight 

line GK represented by the equation y^ax-\-h. 

3. To draw the asymptote to the curve, f^^a^-^-x^. 

Taking the root, and expanding by the binomial, 

y=.(l+i)U{l+^-gi,+&c.} 
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When 0?= 00, we have y=a?+^ for the equation to the 
as3nnptote. Taking ^=0, in this equation, y=^ ; and taking 
y=iOy x=^i; hence it follows that the asymptote cuts the 
axis at an angle of 45® at the distances ad=ac=^ from the 
origin. 

4. Show that the extreme ordinate bc (see^. page 20.) 

is an asymptote to the cissoid. 

x^ ^x 

5. Show that the curve, whose equation is y= =-, has 

an asymptote which cuts the axis at an angle of 45®. 



Equation to the Tangent, 

77. Let PT be the tangent (see fig, page 110.); NP=y, 
AN=a!?, the co-ordinates of the given point p of the curve ; 
and x^ and y^ the co-ordinates of any point in the straight 
line PT ; then we have, by Art. 16., for the equation of this 
Hne 

y,-y-a{x,-x\ 

where a=tan ntp ; but by Art 32., ^=tan ntp, 
/. a=^ ; hence by substitution, 



y/ -y=^(«^y -«)••• 0)> 



dx 
which is the equation to the tangent pt. 

Since the normal pg is drawn at right angles to the 
tangent pt, 

1 dx 
/. tan PGa?=— cot NTP5= — = — j-» 

a atf 

hence the equation to the normal pg is 
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Examples. 

1. To find the equation to the tangent pt in the ellipse^ 
the centre o being the origin. 



A1 



"> 


'""•-s^Bi 


s,^ 


Pi 






^ 


' " fi 


> 




^ 


^ 


. Fi 


C 
Jf 


K P 


} 


T 


\ 


<-._?!* 




/ 







Art 20 ^+^-1 • ^=-** * 
substituting this in eq. (1.) Art. 77. for the tangent, 

h^ b^ b^ 

.% a^^,'\-b^xx,=a^b^ . . . (I) 

which is the equation to the tangent pt, where the variable 
co-ordinates are y^ and 0?^. 

Cor, 1. Make y^=0 in this equation, then we find 

a? orOT=— =-— , /. CT.CN^CD*. 
' X ON 
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Cor. 2. Make x,^a, then we find 

a^b^—b^xa b\a-x) 

y. or DDi= s =— ^^ ; 

^' ' a^y ay 

again, make x,= —ay then in like manner, 

bHa-^x) 
y, or AA, = — ^^ -\ 

* * a^y^ b^c^—x^) 

. AAi a + o; AN 
ana — = = — • 

DDj a—x DN^ 

therefore, if A|N and D|N be joined, the triangles aA|N and 
DD^N will be similar, and therefore the lines AjN and D|N will 
form equal angles with the axis a d ; 

1 ^^l—'^T^ ^ AN_AT 

aiso ~~ • • • ■"" f 

DDj DT DN DTT 

.% AN.I>T=DN. AT. 

Cor. 3. The equation (1.) to the tangent may be written 
Letm=-^;».«a«=^-^; 

•*• Vm^a^+6>= — ; substituting these values, 

if 



y^^mXf-\- V^wiV + ft^ • • • (2) ; 

where m must be the tangent of the angle which the line 
makes with the axis o£a^ This form of the equati(« to the 
tangent is often convenient in the solution of problems. As 
an illustration of its application, let us take the following 
problem. 
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Prob, Fairs of tangents to an ellipse intersect each other 
at right angles ; required the equation to the curve passing 
' through the points of intersection. 

Here we have for the equation of one of the tangents 

A y2— 2»wy+m2aj2=m2a2-f ft* •••(!) 

Since the other tangent is at right angles to this, we shall 
obtain the equation to the former from the equation to the 

latter by substitut^ig — for m, 






/. m'^^'^2mxy+x^=a^'\-m^b^ • • • (2) 
Adding (1) and (2) and reducing, we have 

which is an equation to a circle, whose radius = Va^-fft*, 
and centre the same as that of the ellipse. 

2. To £nd the equation to the taug^it jpt of a parabola. 
(See ^. page 111.) 

^ „ ^ dv 2a ' 

Here y«=4aar, .\ ^=~ ; 

substituting this in the general «q. (1.) of the tangent, we 
have 

2a, . 

which is the equation to the tangent pt; or eliminating y*, 
we abo have 

Also by the general eq. (2.), the equation to the normal is 
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3. Show that the equation to the tangent in a hyperbola 
is, a^yy^^b^xx^^si —a^t^, taking the origin at the centre C. 

4. Show that the equation to the tangent in a cissoid is 

(2r— a;)* 

Inclination of Curves and Tangents, 

78. The angle which a curre makes with its axis is ob- 
viouslj the same as that which the tangent makes. 

Therefore ^ is also equal to the tangent of the angle 

which the curve makes with the axis of x. 

Ex. 1. Required the angle at which the parabola cuts the 
axis of X at the vertex. 

-^ dy 2a . ,. . 

Here ■^=^ — =:tan mchnation to axis x; 
ax y 

2a 
but when y=0, — = oo s=tan 90°, therefore at the vertex 

y 

the angle is 90^, that is, the curve at the vertex is perpen- 
dicular to the axis. 

2. At what point in the ellipse is the curve parallel to the 
axis of X. 

Here bj Ex. 1., Art. 77., 

dy ^* « X /\ i_ ^ 

• :r-= — « . -=tan 0, when a?=0 ; 

dx a^ y 

that is, the curve at the extremity of the minor axis is parallel 
to the m%jor axis. 

X 

3. Let y'=^'rA^ ^ *^® equation to the curve. At what 
angle does the* curve cut the axis of a; ? 

dv 1 "^sXf 
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therefore the curve cuts the origin at an angle of 45° to the 
axis. 

Points of Contrary Flexure, 

79. Definifion. A point of inflexion or contrary flexure is 
a point where a curve passes from concavity to convexity, or 
from convexity to concavity. 

Let ASPQ be a curve, concave 
from A to P, and convex from p to Q, 
then p will be a point of contrary 
flexure. Draw the tangents sk, pt, 

and QV to the points s, p, and Q; 

then if the ordinate SR move from a 

along AM, it is evident that the angle skr will be decreasing 
until SR comes to the positioa pn, but after this the angle 
will be increasing ; thus the angle ptn is less than either of 
the angles skr or qvm. Hence it follows, that at a point 
p of inflexion the angle ptn, and consequently its tangent, 

or -^ must be a maximum or a minimum, that is, we shall 

have v^=0 or oo, at the same time observing the criterion 

given in Art. 50. 

The curve is concave from a to p, and here we observe 
that the angle skr is decreasing, and consequently its tan- 
gent, or -J. is decreasing ; that is, -^ is negative ; and this 
takes place throughout the concave curve a p. (See Art. 4&) 
In like manner, it may be shown that -i-^ is positive from 

p to Q, where the curve is convex to the axis of x, Tliis 
change of sign from 4- to — , or — to +, is the most direct 
indication of a point of inflexion. 

Ex, 1. Required the point p of contrary flexure in the 
curve APQ, whose equation is y=2(.T— a/. 

|=6(a:-«)»,andg=12(.-«); 

G 
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/, 12(a;— a)=0, and .*. x=a ; 

.•. take AN=a, and the ordinate np will cut the curve in the 

point p, which may be that of contrary flexure. To assure 

t fly 

ourselves of this, we observe that -^, or 6{x—af, is de- 



dx' 

creasing as we augment x up to a, and on the contrary 



dy 

dx 



is increasing as we augment x above o; therefore the curve 
is concave from A to p, and convex from p to Q, and hence p 
is the point of contrary flexure. Or we may also observe 

that for all values of x less than a, the value of -r^, or 

12(a?— a), is minus, and, on the contrary, for all values of x 
greater than a it is plus ; hence, &c. , 

Also tan PTN=-^=6(a?— a)*=0, when a?=a; 

therefore the tangent at the point of contrary flexure is 
parallel to the axis am. 

2. The equation to the cubical parabola is a*y=:a^, 

•• c&"~a2' ana ^2-^2, 

/. ^=0, gives a?=0, 

hence the contrary flexure, if any, must take place at the 
origin. 

In the equation a^y=.3^\ when 
X is plus, y is also plus; and 
when X is minus, y is also 
minus ; therefore the curve con- 
sists of two identical branches, 
as shown in the annexed cut. 

Now -^=^—2 IS mcreasmg as « 

is being increased, therefore the 
right branch must be convex to 
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the axis of a?; and from the identity of the two branches, 
the left branch must also be convex to the same axis ; 
therefore the curve has a point of contrary flexure at the 
origin. 

Or we may arrive at the same result, by observing that 

the value of -j^ is minus when x is minus, and plus when x 
is plus; that is, ^ changes its sign as x passes through 
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Ex. 1. Bequired the form of the curve, whose equation is 
y=ra<a?-f 1) (Jt;+2)=aj3 + 3ar24.2a7. 

(1.) To find where the curve 
meets the a;xi3 kx. 
When y=0, we have 

a;(aj-f l)(a; + 2)=0, 
/, ar=0, —1, or —2; 

therefore the curve must pass through the origin a, also 
through o, and k ; where A0=1, and ak=2. 

(2.) To find y for particular values of x. 

For all positive values of a?, the values of y will be posi- 
tive (which will be shown by substitution in the proposed 
equation) ; hence the curve extends to infinity in the right ' 
branch AG. 

For all minus values of x less than ao or 1, the values of 
y will be minus ; hence the curve from A to o lies heUyu) the 
axis of X, 

For all miQus values of x greater than ao, and less than 
AK or 2, the values of y will be positive; hence the curve 
from o to K lies above the axis of x. 

G 2 
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For all minus values of x greater than ak or 2^ the values 
of y will be negative ; hence the remainder of the curve ke 
extends indefinitely below the axis of x, 

(3.) To find the inclination of the curve at the points 
A, o, and K. 

tan Z. inclination=^=3a:2+6aj+2 ; 

dy 
when x= 0, tan Z. at A=^= 2, /. Z. at A=63° 26'; 

« 

dy 
when a:= — l, tan Z. **^ = ^='"^> •*• ^ ato=135°; 

when x=z^2, tan Z. at k=^= 2, /. Z. at k=63° 26'. 

* 

(4.) To find the points in the curve which run parallel to 

the axis of x. 

In this case, the angle which the direction of the curve 

dy 
makes with the axis of x must be 0, therefore ^ must be 0, 

/. 3a;H6ar+2=0, whence x= — l± v'i; 

/. take AN=1 — V^j and AT=l-f V^^; and the ordinates 
NP and TV will cut the curve in the points required. At 
these points the ordinates obviously attain their maximum 
values. 

(5.) To find the points of contrary flexure. 
Here ^=6ar+ 6=0, /. a:=-l, 

therefore there is a point of contrary flexure at o. 
2. Required the form of the curve whose equation is 
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(1.) To find where the curve 
meets the axis of x. 

This is readilj done by finding 
the values of x corresponding to 
y=0; thus we have 

x{x+iy=Oy /. ar=0, or — 1 ; 

hence the origin is a point in the 
curve; take a 1=1, then i is 
another point. 

(2.) To find y for particular values of x. 

For all minus values of Xy the values of y are minus ; 
therefore the left branch lies entirely below the axis of x. 

For all positive values of Xy the values of i/ are also 
positive ; therefore the right branch lies entirely above the 
axis of X, Moreover when x=l, y= oo ; hence take abx=1, 
and draw bq perpendicular to Arr, then the curve tends 
continually towards bg. But when x is taken greater than 
1 or AB, the curve reappears in the form fk; and when 
x=i 00, we also have y= oo, that is, the curve here branches 
off to infinity. 

(3.) To find the asymptote to the curve. 

y=^3j4-=a:+4+--|-&c., by division; 

.*, y=a?+4, is the equation to the asymptote. 

To construct this line. Take x^Oy then ^=4 ; take ^=0, 
then a:=— 4 ; .*, take ad=4, and AC=4; join do, then this 
line produced is the asymptote to the two branches IR and 

PK. 

(4.) To find the inclination of tne curve at the points A 
and I. 

Differentiating the proposed equation to the curve, 
4= (5I:T)3~=**^ ^ inclmation 

G 3 
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when a;= — 1, tan L at i=-/=0, /. /_ at i=0, 

ax 

that is, the curve touches the axis of a; at i ; 

when a:=0, tan Z. at A =^=1, /, i_ at A=45°. 

(5.) To find the points of contrary flexure. 

dy 
Differentiating the value of -^- above founds 

•^= Y _|\4 > "which must be taken or oo ; 

then 8(2a:+l)=0, /. «=— i; 

therefore a point of contrary flexure takes place between a 
and I at the distance \ from a. To assure ourselves of this, 

we observe that minus values of x less than \ render -^ 

" oar 

plus, whereas minus values of x greater than \ render it 

minus. 

3 

3. Let y=-{x^—Vf be the equation to the curve. 

Then when y=0, a?=±l; 
hence take ab=1, and AC=1, ^ ^ > 

then B and c are points in the "^ 1 — b*^~~* 

curve. When x is less than + 1, 
the value of y is impossible ; there- 
fore the curve does not approach the origin a nearer than b 
or c. But for all -|- or — values of x greater than 1, the 
values of y are possible, and are either plus ar minus ; hence 
the curve extends indefinitely above as well as below the 
axis of X, When the curve runs parallel to the axis of a?, 
we have 

g=3(«»-l)*=0, A «=±1; 
therefore the right hand branches touch a;c at b, and the left 
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hand ones at c, that is, they meet in a common tangent, bc, 

without intersecting. Singular points of this kind are called 

cusps. 

4. Show that the witch has cwo branches symmetrical with 

respect to the axis o£'Xy that the axis of ^ forms an asymptote 

to the curve, and that there are two points of contrary flexure 

3r 
at the distance x=-^ from the origin. 



THE INTEGRAL CALCULUS. 

INTEGBATION. 

81. Integration is the converse of Differentiation ; thus as 
the differential of 0,3^ is Sasc^dXy so the integral of Sax^dx is 
ax^. The primary object of the Litegral Calculus, therefore, 
is from a given differential expression to find the function 
from which it has been derived ; this process is called In- 
tegration, and the symbol (/) by which it is represented, is 
consequently the converse of the symbol (d) which represents 
differentiation; thus/(c?y)=y, and generally if df{x) is the 
differential of /(«), then f{df{x)} ^f(x) is the integral of 
df(x). 

• Since 4aa^dx is the differential of either ax^ or ax^-{-c, 
where C is a constant, it follows that the integral of ^aa^dx 
is generally expressed by 

fiax^dx=:axi^-\-Cy 

where c is called an arbitrary constant, the value of which 
remains to be determined from the peculiar nature of the 
problem. 

Since the integral of any given differential expression 
is the function from which the given expression is ob- 

g4 
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tained by differentiatioii, it follows that we can integrate 
those functions only to which we are led by differentiation. 
The method to be pursued in integration may be resolved 
into two divisions: — I. To derive certain elementary rules 
or forms of integration from a simple inspection of the results 
of differentiation. 11. By various artifices to bring the forms 
of other functions to be integrated within those so de- 
termined. 

Elementary Rules of Integration. 

82. Hule 1. A constant multiplier is not changed by in- 
tegration ; and hence, in a differential expression, it may be 
written without the sign of integration : thxxa faa^dx^^afx^dx 
_^a^ 

Since d{af{x)) =iadf(x) ; 
•\ f(idf{x)-af{x). 

83. Rule 2. To integrate aaf^dxy where the index n may 
be any number except — 1 ; add unity to the index, divide 
by the index so increased^ and the differential of the variable. 



Since d\ r+c \ ^aaif'dx 



.•. faoif^dx^ — — r -H c. 



Examples. 



1. /8ic3(fo;=^— ^-|.C=:2ar*-|-c. 
2. /6aa;2^=^^+c=2a«8-hC. 
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D 

_ 1 3ri 2x • 

4. f\/x X dx=f3fl dx=-^ ^c=-Q- + C. 

^V'F""^'^ ^--4 + 1""" 3 —"Saj^- 

7. Required the integrals of the following expressions, 

ddx 2 2dx 
5xl^dx, 2axdxy~7^ 2x* dxy -—3-. 

Answer Sy a?*, cw^, 2aa',-ir-, — g. 

84. ^m/c 3. The integral of the sum of any number of 
functions is equal to the sum of the integrals of the several 
functions. 

Since dj{x) + dv^x) + &c. =rf {f{x) + y{x) + &c.} 
.•• SW{^) + <^*t^) + «5C.} =/(«) + F(a;) + &c. 



Examples. 



j4 



* In all the examples hereafter given, it must be vnderttood that the 
arbitrary constant c is always to be' added, although it may not in all 
cases be printed. 

o 5 



130 INTE6&AX CAtClTttTS. 

3. Required the integrals of the following expressions: — 

(ar-* 4- 2x)dxy -—^ -^. Answers, x + 2a:*, 

bx^ ca^ 2bx^ a?*--3^ , 1 6fla?— 2 

4. /(a+ar2)3a^cfo===/(a3 + 3a2a;2-|-3ar44.a!«>r26ir 

5. /(I +a')2a?3cfe=ia;4+|««+^. 

85. Rule A. To integrate a {/(«)} "<|^(a?), where rf^(ar) is 
the differential of the root. Add unity to the index, divide 
by the index so increased and the differential of the root. 

Since, by Art. 43., d ""A^^^a {A^)Ydj{x) ; 
,.fa{J{xrdJ{x)=.<^p. 



Examples. 



l./(a?+aa;2)-(l+2aa?)da?=^5i^p^; here it will be 

observed that (l'\'2ax)dx=d(x-\-ax^)y or the differential of 
the root 

2. /(I +af'yx'^^dx=y — -^r^ ^, , =^-^ — Vt-- 

3. /(a + ^a?+ca?2)»(6+2car)dir=— -Y(a+*a?+cx2)" i. 
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J (a*-a^)2""4(a*-«*y 

8. Integrate the following expressions, (1 -i-xydx, 

(l+Sx^yxdx, (l+2ar+3a:2)3(2-|.6d?>fe, (l-2a?)-"c£ar. 

Answers, KH-*)l ^^e{n^i)' ' Kl+2^+3a;2)4, 

1 



2(^-1X1- ' * 

Expressions which do not appear in the form for the 
direct application of this rule, may sometimes be brought to 
that form by an easy reduction. 

"■ f(-3ar- "" -2 "■ 2x^ ' 

f* dx X 

10. 



J ( 



(l±a^)5 Vl+a^ 



dx (l+af») « 



11 /"— — 

integration, in this case, is {2ax-^ — l)~'ar-2dr. 

o 6 
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86. Rule 5. When the numerator of a fraction is the dif- 
ferential of the denominator, the integral of the fraction is 
the logarithm of the denominator to the base e. 

Since d loge2f=— ; 

— =l0ge2f + C. 

■ 

Examples. 
here 2axdx is the differential of 1 + aa?, 

^'Ja^x^bja+bx bj a+bx 
=|loge(a + 6a?). 



4 n^-^-Uidx^rj^^r^ 



dx 

X 



ar^-l 



'•/t-TT^^i"^}^"^'^-^ 
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'•y^S^=2 log.(«»-<c+l)=log.(a:»-a:+l)'. 
« f^ xdx , i 

10. Required th^ integral of ^j . 

Here the index of x in the numerator being greater than 
that in the denominator, we first divide as follows : 

=a?2— ar-i-l 



1+ar ^ iH-a?' 

12. /(I +log. g)- — = ^^ +log. ar)'^' ^ Here the dMferen- 
tial of the root, or d(l +loge a?)= — ; hence Bute 4 applies. 
The following examples are important logarithmic forms, 

=loge (aj+ Vj;2+a2)^ the num'. being the dif- 
ferential of the denom'. 

14 r ^ -^ f<^^ — 1 f d{a^') ■ 
J <t(a»±a!«)i <V (aSar-»± l)i ««/ {(oar-')'+ 1} i 
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= - - log, {asr' + (a^x-^± 1 )i} , by Ex. 13., 
1, X 

= - log- r. 

^ « + (a2±ar2)i 
1*: f^ dx __l x—a 

. Pq^ 1 ~ 1 f 1 J_l 

a.2_^2 2a\x—a x-\-ay 

y ^ dx _l Pdx 1 rdx__l^. x-a 
x^-^a^ 2aJ x—a 2aJ x + a 2a ^^^x+a 

^VSa^::^^"" Jir2-«2- 2a^^^*'a?4-«' 
__ 1 ' a?+a 

'•/(l+a? + aj2)J t/(4 + 4a?+4a^)i •/ {(2ar+l)2H-(3J)2}i 

=loge {2a:+ 1 +2(1 +x+x^)i} , by Ex. 13. 
For a general formula of integration, see Ex. 4. Art. 91. 

1^- /^— ^^^— -r=log.{2a;-l+2(;r2-a:-l)i}. 
t/ (ii;2— jT— 1)5 

^^Vl + 3;r+2a?2~°^2(a7+iy 

87. 7b integrate elementary exponential expressions. 
By Art. 54. do*=logga . a*dzy 

•^ log,o 

* It must be always understood that the symbol log indicates the hyp. 
log., or the log* to the base e. 
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If a=c, fedz^e -I- c, 

where z is any fanctioQ of x. The rule expressed in this 
formula admits of immediate application when the differ- 
ential factor in the proposed integral is the differential of 
the variable index, or bears some constant ratio to it. 

Examples. 
1 fi"^ 

3. f a''''dx=- / a''d(nx)= —, 

Differ anting by Rules 5. and 10., we have, 



•'••^^{^+4^'^=''^' 



where the factor of e^dx is composed of two parts, one of 
which is the differential coefficient of the other. 

4. /c*(3a;Ha^— !)<*»=<«:*- 1), where Zx^ is the dif- 
ferential coefficient of a:^-- 1 . 

5. /c*(2a? + x^)dx—e'a?. 

6. /(I +c*)ie*(to=|(l +c*)' ; by Ride 4, p. 130. 

88. To integrate elementary trigonometrical expressions, 

(1.) Since d sin 2r=cos zdxy 

.'. /cos zef2;=sin z-\-G, 

(2.) Since d cos z^ —sin zdz^ 

»\ f sin zdz=i — cos « + c. 
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(3.) Since d tan z=8ec^zdz or — s-^ 



r dz 

/. /sec^ «fo or / — p-'^**^ ^+C' 



(4.) Since d cot g=— . « > 






■cot 2;. 



Examples. 

1. /cos iM? X dx=-fcoB nx x cf(«a?)=- sin nx. 

n n 

/ sin(fn+nia;aa;:= ^^ — ; • 

2. ftmxdx=:/ =/ =— log cos a?. 

^ ^ cos a? ^ cos a? ° 

3. y*cotar(2r=log sin a;. 

4. r_^ ^/ll(f^=tani:r,by(8). 

^ l + cosa ^(cos^a:)^ » » ^ \ / 

5. / =/ — r^^ ^= -log (1 f CQsa:). 

J 1 -l-cosa? J l-i-cosaj 

^ P dx P8e(^xdx Pdtsaix , . 

6. I-. =/ —7 = / ^=log tanar. 

^/ sma; cosa? ^ tana; ^ tana: 

7 An ^ ^ ^ =(!££ifZ, 

einar 2 sin 4- a; cos ^ a; 2tan^a; 
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9. /tan^a?<i!r=/(sec2a;— l)dir=tana?— a?. 

10. / — 5 — :-r-=/ 1 — 2 — !—'-¥- rdx=:tmx—cotx. 

1 1 . /sin mx coanxdx =/^ {sin (m + «)ar +8iii (m — «)»} dSr 

_ J r cos (»i + n)a? sin (m— «)a? 1 
"^ ^l m-\-n m—n J' 

By expressing the product of sines and cosines of angles 
in terms of the sums and dififerences of sines and cosines of 
angles, as we have here done, various other formulae may 
readily be found. 

89. To integrate elementary circular functions, 

( 1 .) Since d sin -* - =—-==, Art. 58. 

a Va^ — x^ 

dx 



P dx . ,x 

,% / =sin ^-+c. 



x ^dx 



(2.)Sincecfco8-^-=-^== 



,2' 



/. / — =cos-^ -+C. 



- X adx 
(3.) Since d tan -* -= » , .„ 



y^ dx 1 ,x 
-5 5=-tan-i-+c. 



2> dx 

(4.) Since c? versin -* - =--===, 
^ ^ a V2ax-'X^ 



/. /— -==r=.=versin-»- + a . 
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adx 



(5.) Since d sec -i- = 



P dx 1 .X, 

,\ / — =-8ec-*--f-c. 



Examples. 



, P adx __« P dx 



a . , X a , . /b 
= — , sm -* 1 =-t sin -^a i / -, 

M 7^ bi V a^ 




by form (1), where we put ^ for a\ 



b+ 



• 

^ P xdx . P d(x^) , . ,x^ 

Pxdx _ 1 



2a2**'' 'a^- 



P dx _ P 2dx _ Pd(2x-'l) 
J l-^2x-^2x^J 2'-4x-{'4x^J {Qx-lf-^l 

= tan -1 (2ir — 1 ) ; by form (3). 

For a genef al method of integrating expressions of this 
form, see Ex, 3. Art. 9L 
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7. / 7=/ ^^ ^ — ;=sm-i-— S-; byfl). 

^(I4.2a.-a2)i ^ (2_(a;-l)2}3 a/2 

Q /^ ^ . i2a:+l 

8. /• :=8in-^ =-. 

c/(l-a;-a?a)i v5 

Fundamental Formulce. 

90. Collecting the results of the preceding articles, we 
have 

(a.)/aj"cZr=— -^, except when 71 =± — 1, and then 
{b.)J—=logx. 



P dx 1. _, ar 



?.) / 7=sin "» -, and / j =co8-i -. 






,— - sec^ -. 
2\3 a a 



(A.) # 5i:^=i log ± .. 

Var(a2+a;a)i « a+(o«+a!«)i 

(i.) fa^dx=:. , QXid f€^dx= — . 

^ ^ "^ log a' "^ o 
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(h)f sin mxdx^ cos mx, 

m 

(k,) fcos mxdx=^— sin mx. 

(/.) /"sec 2 mxdx=- tan mx. 

All other integrals are reduced to some one of these 

forms. 

91. £7 certain easy algebraic processes, many integrals 
may be brought to some one of these elementary forms. 

I. By various modes of transformation. 

r dx _ P d{x-\-a) 
'J {x^+2ax)^ J {{x+ay-a^}^ 

=log{(a;2-|.2oa?)5+a?+a}> by form (/). 

/* xdx _ p d{x^-a^)i 






2cdx 



4ac -h 4bcx + 4c2aj2 

d(2cx-^b) 
(2ca?+6)2+4ac— 62* 



.which is integrated by (c) or by (rf), according as 4flrc— ^2 £3 
positive or negative. See examples^ Art. 89. and 86., for this 
and the two succeeding formulae. 

/^ dx _1 /* 2cdx ' 

J (a-f 6ar+ca?2)i ^J (4ac-|-46ca:-h 4c2ar2)l 
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d(2cx+b) 



A J \\ 



{(2ca?-|-6)H4ac-i2}i 



5. Sunilarly f ^ ..=1 f /^^^^-^) 

J (^a-Vhx-c!^)^ ^J 4ac+6''-(2ca!-6)2}i 

_1 . , 2cx—h , , . 
=-: sin-" r, by (e). 

ci (4ac+6«)i 

6. /l-_^ — ^=/: ^1^ ^^, 



=-/; 



cf(a;-») 



(aar~*+6ar-*-|-c)5 



T7liich has the same form as Example 4. Thus we have, 

diptr") 



r dx ~ - /!_ 



= -log {2ar-»+ 1 +(4 xH-ar-»H-ar«)l} 

=log _ 

2-^x-\-2{\-¥x-\-3(?y 

II. By splitting an expression. 

=^tan->5+|log(a^+:i:«). 
g /^ a?<fa ^Cxdxr 1 1 I 
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, P dx 1 , nfi 



+&r8) 3a ^ a+6a:3" 
Here L_=lii-_*^1 

since the second term within the brackets is the differential 
coefficient of the first. See Ex. 4., Art. 87. 

IIL By adding and subtracting the same quantity. 

/* xdx — / r ^^ ^ {a'-x)dx 1 
*c/(2ar-«2)5 c/ L(2aa;-ar2)5 (2ai?-a?2)iJ 

X 1 

=a versin-^ -— (2aaj— 3^2)*. 

2. /(« + bx)^xdx= j^f(a^fbx— a) (a -|- bxydx. 

=lAa-^bx)ldx--^f(a+bxydx=-^^{^^^ 

3. /(I +a?)«a?2cfo=/(l+a?)- (lT^-l)2da? 

_ (l+xy +^_ 2(l +a?) "+' (l+a?)"-^ ^ 
• " w + 3 w + 2 wH-1 * 



4. p?!^={^2.4^^8}-^ r, 

^(14-.t)2 3(1+0?)* 
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r xdx _ r{x^-b)dx , P dx 
' J a^-2bx-Yx^ J a-\-2bx^x'^ J a-b^+{x-\-bf 

=1 log («+2&c+a:2) L_ tan-» -^±^. 

6. /^s ^»=a?— tan-*a7. 

7. /(l-a?*)ia?7efe=-/(l-a4)l(iZ:^__l)-^^^ 

= -/(I -a:*)Vd:r +/( 1 - a:*) W;r 

In like manner (a» + af )"*a*^*dir may be integrated. 

(l-l-a;2)5 

IV. By multiplying numerator and denominator by the 
same quantity. 

1. /?^y^=/:i±^d^=/:-^+/i^ 

=sin-'a?— (1— a;2)«. 

= / — / i =(a;2 — c^f—a sec~* -. 

J {x^^a^JL J a?(a?2-a2)i a 



J {x 

-f- 



dx 



;=i{(«+2)i-(a:+l)J}. 



+2)l+(a;+l)i 
a^« ar 
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^' Jl^i^^'J ^C*'-!)^ J{:>?-\)^ Jxix-^-l-)^ 

=log {«+(«'-!)'} +secr-'x. 

Al±^te=i8u,-> or-^ (1 -«»)*. See Art. 93. 

/(2ffiB-r'')W_ ri2a-x)dx 
« »/ (2aa;-«»)* 

_PJa--x)^^^r — ^ — -=(2aa;-a:*)^aver8in-» J 
1/ (2aa!-a!'')* »/ (2aa;-«»)* 

, r(2x+a)dx a P dx 

=(a!» + aa;)i+| log {(x»+a«)^+«+i«} • 

(See Ex. 1. p. 140.) 

»/ « l + Cl-a^")* 

V. By substitution. 
1. Let the integral be u-J ^ dx. 

Let x=2^, where the exponent of z is equal to the pro- 
duct of the denominators of the exponents of x, .\ dx= ^z^dz\ 
hence we have, by substitution and division, 
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2. Let the integral be m= / r. 

Assume (l+a?)5=2f, /. l+x=:z^y dx=^2zdz, and 2-tx 
=zz^+\\ therefore, by substitution, u=/-: — =-=2tan-';?= 

2tan-i(l-fa7)5. 

/• dx 

After the same method / -^ is found. 

«/ {c-\'ex')(a-i-bx)^ 

P dx , ,. , , 

o. w—f r; let c-\-ex:=z\ taking the log 

of each side and differentiating, ^ 



/• by subst., M=/ ^ 

Which is integrated as in Ex. 6, Art. 91. 

dx AoarH^HarSda: 



ca:-2 ^ e 



4. «=/^ — ^ — ,^ri 

_ Cd{aoir^^bf _ P dz ^ ^. 

^j''^iJ^^^='T^'-J^^^ by making 

(aar'-f ^)'=5f. This will be integrated by form (c) or (rf) 
according as ae— eft is + or — . 

If a€=:cb, then u^-^f — r= — = -. 



For exam 






(l+2a!«)(2+4««)i (2+4iB»)i' 
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5. a ^ — .-i,iog/i±^!)i±!!f, 

here c= 1, e= — 1, a= 1, 6;= 1 ; then by (rf) a^d reducing. 
6 Similarl f ^^^ ^ rd(a^bx*)h 



Z fez^+t-^ae ^ bymaking (a+6^^)i=. 

*/ (l+a;*)* 

do; nd2; 



by taking the log of each side, and then 



(1 +a?2)4 z 
differentiating. Hence by subst., &c. 



U: 

m m 



y'* dx ' 
— , ; this integral may be brought 
(a+^a?)(car?+ca?+/)l © ^ 

to the form / r by making z== — -^-, andpro- 

eeeding as in the foregoing examples. 



RATIONAL FRACTIONS. 



92. In a rational fraction the indices of x are all positive 
integers. Expressions of this kind may be integrated by 
resolving them into a series of simpler fractions, called 
partial fractions. This can always be done by the method 
of indeterminate coefficients explained in (Art. 7.), Exs, 2., 
3., 4. 
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Examples. 
1st. When the factors in the denominator are all different, 

P dx _ P dx 

'J x^'-2x''J x{x-2)' 

Here by decomposition, ^^y=\ {'~2''\} 

r dx _\ PK dx dx\ 

'^'J x(x-2)^2j ta?-2 X J 

=2 { log(^--2)--loga;| =2 log ^^. 

- Padx . x—a 

2. f-s =loff . 

^ x^—ax ^ X 

^ P xdx _ P xdx 

Jx^^^^S'Jix+4:){x+2y 

I^* 7 — rrw — rm= — ttH — ml clearing of fractions, 
(a7+4)(a:+2) a?+4 x-^2 ° ' 

a?=A(a?+2)-|-B(a?+4) ; 

to find A, let x= —4 ; then — 4=a(- 4+2), .% a=2 ; 

to find B, let 0?= —2, then — 2=2b, ,', b= — 1 ; 

substituting the values of a and b> we have 

X 2 !_ 

' (a?+4)(a?+2)""a?H-4 a?+2' 

P xdx _P2dx Pdx 

•V(a?+4)(a?+2;";/d?+4 J x+2 

=21og(a: + 4) ^log(a?+ 2)=log^.it^. 

P dx _1 ar+2 
V«2+6ar+8""2 ^^;?+4* 

H 2 
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cuix , a:— 3 
— = — r7;=a log -. 



^^''(ar+l)(a:+2X«+4) a:H-l^a?+2^a:+4' 
clearing of fractions, hy multiplying by (ar+l)(a:4-2)(a:+4), 
a:2+2=iA(a:-|-2)(a;+4)-|-B(«+lX«H-4) + c(a?+l)(a?+2); 
to find A^ let a?= — 1, then 3 = 3a, .% a= 1 
to find B, let a?=— 2, then 6 =— 2b, .% b=— 3 
to find c, let a:=— 4, then 18= 6c, ,'.0 = 3 
substituting these values of a^ b, and c, 
ar« + 2 . __1 3_ 3 



(a;+lXa?+2Xa?+4) a?+l ar+2 a?-f4' 

• V(a:+lXa:+2Xa:+4)7/x+l J x^2\) x^\ 
=log(a; + l)-31og(a;-h2) + 31og(ar+4) 






■/. 






«»-f-6a? + ll«+6 ^ (a;+2)^ 

Here the factors of the denominator are (a?+ 1), {x + 2), (a: + 3). 






06«. In like manner, if the denominator contains four 
factors, we should resolve the expression into four partial 
fractions ; and so on to other cases. 
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2d. When some of the factors are equal. 

When the denominator has the form of (x—ay(x—b) 
(ar— c)...&c., we may readily decompose the fraction into 
its partial fractions by assuming it equal to 



(a?— a)" (a?— a)*^* ' x—a x—b ar— c 
1. Required the integral of / / o\2/ ^ \ ' 

Let,— ^±^.=,-^,+ -^-f ^ 



(ar-2)«(a?-l)"(a?~2)«^ar-2^a;-r 

/. ar2+a;=A(a7--l)-fB(j»— 2)(ar— l)+c(a;— 2)2 ... (1) ; 

to find A, let x^2 ; then 22+2=a . . . (2). 

Subtracting eq. (2) from (1) we have, 

a?a-2«+ar--2=A(a?~2)+B(a?-2)(ar-l) + c(a:-2)2, 
and dividing by a;— 2, v 

ar+2-|-l=AH-B(ar-l)+c(a?-2); 

substituting the value of a(=:6) derived from (2), and re- 
ducing, 

a?— 3=B(a;— l)+c(a:— 2) ; 
to find B, let a;=2, then b=~ 1 ; 
to find c, let a?=l, then c=2 ; 

a?«+a? 6 1 2 



'• (a?-2)2(a;-l) (ar-2)2 ar-2^a?-l 

. r{^^+x)dx _ /'6cb; Pdx P2dx 
•V(a:-2)a(aj-l)T/(:c-2)2 J x-2^J x--\ 



= -^-log(aj-2)H-21og(a;-iy 
6 ^, (ar-l)2 

H 8 
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The method employed in this investigation will apply to 
all similar cases. 

P dx _ 1 , , x—l 

4. To integrate ^ ^_^ or -^^(^jy. 

_ ^ «2_2 A , B , C , D 

Let -XT :rv=-^ + -5+- + 



ic*(a:— 1) a^ x^ X a?— 1' 

/. a:2-2=A(a?-l)+Ba<a:-l)+CicV-l)+i>^ • • • (O 5 
to find A, let a:=0, then a=2 ; 

substituting this value of a in (1), transposing and dividing 

by a?, 

a?=2 + B(ar-l)+ca?(a?-l)+iw?2 . . . (2) ; 

to find B, let 07=0, then b=2 ;* 

substituting this value of b in (2)> reducing and dividing 
by a?, 

l=2+c(a:— l)^Da;. . . (3); 

to find c, let «— 0, thfen 0= 1 ; 

to find D, let a?= 1, then d= — I ; 
x^-2 2.21 1 



•• x^ix-l) «j3 a;2"^ar «-!' 

/ (x^-'2)dx _ P2dx C2dx fdx^ fdx 
oe^ix-l) J ^ J x^ J X Jx-\ 

12. , . ,v l+2a? , , X 
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8rd. Vf^n there is a quadratic factor having impossible 
roots, 

1- /-^n — T-t — rr I ? — . ,\ / o , i\ ; where a;2 + l is a 
quadratic factor whose roots are impossible. 

T f a?^ ^ A * Ma;4-N 

(ar+l)(«2 + l)"aj+l"^ «2 + l ' 

clearing of fractions^ 

i»22=A(a;2 + l) + (ar+l)(Ma?+N) . . . (1), 
to find A, let a?= — 1, then a=^ ; 

substituting this v&lue of A in (1), and transposing, 

(«+l)(M*+N)=a^-5^=^; • 

dividing by a?4-l> 

a?-l 

x^ _ 1 . g— 1 

•*• (ar+l)(aj« + l) 2(a?-M)"*'2(arHiy 

-l)dic 



=iiog(.+i)+i/^,-i/3^, 

=i log (a?+l)+i log («2 + l)-i tan-1 a?. 
P dx . , \/^Tl , , , 



H 4 
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4. To integrate /^ . tx/^j . gV ^^^'^ there are two 
quadratic factors having impossible roots. 
Here we must assume 

x^ __Aar+B c»-fi> 



(a:2 + l) (ar2-|-2) a:»+l ^ a:»+2 ' 

clearing of fractions and arranging the terms, in the left 
hand member, according to the powers of Xy 

a:2=(A+c)aj3+(B-|-D)a?2+(2A+c)xH-2B+D; 

hence we have, by equating the coefficients of the like powers 
of a?, 

A+c=0, and 2a+c=0, /, a=0, and c=0; 
B-f D=;l, and2B-fD=0, /• B= — 1, andD=2; 

x^ 12 



•• (a^-hl)(a:»H-2) a;? + l a:>+2' 
(a:«+l)(a?2 + 2) J x^-\-l^tj x^-\-2 ' 

X 

= —tan-' a: 4- >/2 tan-' —r^, by form (c). 



a; 



V2- 
Here we must assume 



a?« 



__^ ■ B . ca?4-x> , 

(a?-fl)(a?-l)(a;H2) a?-hl a?-l a?aH-2 

and then determine the coefficients by the method followed 
in Example 4, or in Example 1. 
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7. To integrate ^j^pj^5^p^. 

Assume ^^_^j^2^^_^^^~^^3^+^q:^ + ^2^, 

.% ar=A(aj2+4)+B(a?+l)(a?H4) + (ca?+D)(a? + l)«; 

to find A, let a?= — 1, then — 1 =:5a, .•. a = —^ ; 

substituting this value of A, and adding 1 to each side of the 
equality, in order to render the equation divisible by a?-f 1, 

x + l=i(l-a;»)+B(a?+l)(a?^+4)-|-(cx+D)(a? + l)2, 
/. l=i(l-a?)+B(«H4) + (ca;+D)(ar+l); 
to find B, let «= — 1, then l=f -f 5b, /. b=^ ; 
substituting the value of b in the last equation and reducing, 

- 3«2— 5a?--8 - .„ Q. 

• 'J (STTn^T4) ~ t/(a:+l)2^^ar+l ^V/ ^2+4 - 

=^{4l-^^^"«%^'-^^'^"I}- ^^^^^-'^ 

(a:-l)a(ara + l)""* ^^^ "SHTI 2(i=Ty 

4th. fF%en Me highest index of x in the numerator ex- 
ceeds that in the denominator. 

Fractions of this class (as well as some others) may be 
brought to a form admitting of integral by actual division. 

— , . x^dx 

1. To utegrate — j- 

a "J" ox 

H 6 
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Here, by actual division, we have 

x^ __x a d^ 1 

'-~T To I i? • 



dx 



Px^dx _ Pxdx Padx C^ _ 
J a^bx-J b J b^V b^ a 



+&« 



a^ ax . a^ 



=2?-F + 4S log (« + **> 



rt pa^dx x^ ax^ a^x a^ . ^ . , \ 
„ Pxdx X a . / , r \ 

4r To integrate -^ — =, 

Here-^; — ?=1 + 



«2-l ^aj3-r 



/'a;2efe , /* d^ . , , «-l 



INTEGRATION BY PARTS. 

93. Since d{zv)=:zdv + vdz (Art. 40.), where 2? and t; are 
functions of the variable ar, 

,'. zv=fzdV'^fvdz, 
.% fzdv=^zv^fvdz. 

This is called the formula of integration by parts ; by it 
we are enabled to integrate any function zdv, provided the 
function vdz admits of integration. 
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Examples. 

Here we must put (\-\-x^yxdx=idv, since it is obviously 
the differential of a known function. 

Let x^^z,, and (\+a?yxdx=zdv, 
.\ 2xdx=dZy atid ^(i-\-x^y^v'^ 
.\ fa^{l-\-x^Ydx^fzdv 

•=.zv—fvdz 

=^ X 1^(1 +a?')*-/TV(l +a^^)^ X ^^dx 

2. /(a;*+«2)*(/ar=|(a;2+«2)*+|' log {x^{x^^a'^f\. 

Let (a?2-|-a*)i=2;, and dx=dv, 

xdx 
•\ ;=cfo, and a:=t?, 

.*. f(x^ + a^)^dx=:fzdv 

^zv—fvdz 



=(a:»+a2)*.a?-/«. 



xdx 



(x^-ha^)^ 



by transposition and form (/), Art. 90., we have 
by dividing by 2, the proposed integral is fbund. 



» 6 
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3. /(o»-a!»)*«fa=|(a« -a!»)*+^ sin i -. 
Proceeding exactly as in the last example, we find, 

whence by form (e) and dividing by 2, the integral is found. 

=-y-<ajH2aa;)i-| log {x^a+{x^^2(ucf], 

by making a^ noinus in Ex. 2. and then substituting x-^a 
for ar. 

5. /(2aa:~a?2)i6te=/{a2-(a;-a)»} *rf(a?-.a) 

by substituting a;— a for a; in Ex. 3. 

6. /!^!?^-/a.2.(i+a:2)-W. 

./(l+ar2)i ^ 

Let a^=«, and {l-^-x^^y^xdx^^dv, 

/. 2xdx=idZy SLUd — ^^^^^ — -=:v 






fzdv 



i 

=zv—fvdz 

_ a?a /» 



2ard!r 



(l+a:a)i^(1^^2)i 

- ^V , +2(1 +a:2)i=-£!±£- . 
(l+a:«)* ^ ^ (l+a:«)i 
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X^ 

9. /ar log xdx=^(log x—^). 

dx 3? 

Let log a?=i?, and xdx=zdv ; /. — =dj2f, and o-=t?; 

.% /a: log xdx=fzdv 

=,zv—fvdz 

=loga;.:^-2-=&c. 



2 4 



10.y*a- log a:e^=^(log ^-^). 
II. I x^dx=e^f--^^\ 



gOX 



Let a?=2:, and e^dx=dv ; .•. dx=dz, and — =t? ; 

a 

/. fx€f^dx=fzdv 

=zv—Jvdz 

=a? . / — , (IX 

a J a 



a a^ 



=&c. 



* Hie student should endeavour to acquire the power of writing down 
«his equality without going over the intermediate steps given in these 
examples ; thus 

fxlogxdX'^flogixxdx'^logx, -— # o" ' ""* 
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12. /sin-> xdx=^x sin-' ar+(l -«*)*. 
Let sin-* a?=z, and dx=^dv ; 

dx 



• • 



=(£;, and«=v; 



(1 -*»)* 

.•. /sin-^ xdx=fzdv 

=:zv—fvdz 



/* xdx « 

=sin-* a? . a?— / r=»c 

J (l-ar«)* 



/•sin-* ar . ardi? . i . 

13. / 1 — =a?— (1— aj*> sm-* a:. 

J (l-ajS)* ^ 

14. /tan-* a:£fe=ar tan-* a?-log (1 +x^)i 



nationalization. 

94. Functions of the form /a*-*(a4- &«*)«£& may be ra- 
tionalized when — or — h- is an integer. 

n n q 

(I.) Assume a-\-ba^=zz^ ; 

,% «»=^ — ^i~- ; then by differentiation, 

bin % 

af^^dx=-^2f^\2fl'-ay"^ dz\ 



p 
multipl3ring by (a+^^)« or s^, and integrating, 

/a;^*(a+*«")^ cfe=-^/2?'^«-*(2«-a)»-*£fe. 

Now, when — is an integer, the binomial {afl-—aY ' can be 
expressed in a finite series of powers of z^ and hence the 
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integral can be obtained in finite terms. The condition 
— =:a positive integer, is called the ^r^^cnfenon. 

• (II.) Again, 3if^\a-\'baf^)gdx=3f*'^Q *(aar^-|-6)« ; now, 
from what has just been shown, this latter expression is 

integrable if -J mH — ^ j--»-(— »)=a positive integer ; that 

is, if — +^=a ne^'ative intes^er. This condition is called 
n g ° ° 

the second criterion. 

In this case, therefore, we must first put the expression 

under the form above given, and then assume ax-*'\-b=zsfl. 



Examples. 
1. L6t/aj»(l +fl:a)irfr be t^tiired. 

191 4 

Her^ n=2, wi— 1:=3; /. m=r4, and— =^=a positive 

n £i 

integer ; hence the first criterion is satisfied. Since j9=3 

and ^=2, 

/, assume l-far^—^jS. .^ ar*=(«'— 1)^; 
(l + «2)*=2^, and ar^<fo?=(2?2_i)2J(fe; 



■■■f 



35 3d 



a:*(l +«»)* 



=/«-4(i4.a^)-i^ 



Here «*=2, m— 1 s= — 4 ; .% ms= — 3, and --=as — - ; there- 

n M 
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P 1 

fore the first criterion does not apply ; but gr=2, <-=— ^f 

q ^ 

and — h-=— «— ;^=— 2; which shows that the second 
n q 2 2 

criterion applies. 

/. assume ar2+l=2;«; .% ar*=(««— l)^ar»<fo=-2?(«'--l>fe; 

(ar" + l)*"" J ^ 3 . 

(2ir'~l)(l-ha?')^ 

3./a:>(l+a!)ld!r. 

Here — ^ =3, therefore the first criterion applies ; 

A letl+ar=«, /. a:»=(«— 1)^ /. x^dx=(z—iydz ; 
.\ fx'(l-^x)^dx=fz^(Z'^iydz, 

==^z\5z^'-l4z+\^)^^l+x)\5x^^4x^^). 

*>^ (1 +a:*)* 
this comes under the first criterion. 

All^^=_(k:*±2^), by 2nd criterion. 

6. /a<o+x)t(iSr=^a+«)i(5a!— 2o). 

» /* sfidx _ 8(l+ay+6(l+a)-l 
■c/(l+a)t * (H-a)t 
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Here ^ — '■ — =3 ; hence we must assume 

n 

- /* afdx 1 P(z—aYdz . , , 

^•J(a-+bif=b^^J z- ' ««8uming a+6a:=*. 

Wlien m is positive, this can be expanded and integrated. 
/• dx 

1 (\z-^hY^dz . , . .^, 

= -5Si+S=l^ ^^ ^- > l>y making ax ^-^rh^z. 

Which can be expanded and integrated when m+n— 2 is a 
positive integer. 

Method of Reduction. 

95. This method consists in making the proposed integral 
depend upon another of the same form, in which the indices 
are diminished, so that by repeating the process, we at length 
arrive at an integral which can be determined by forms 
already established. 

(I.) To diminish m in the formula M^=/ar^(a4-6a?")''dar, 
where r may be either positive or negative. 

Integrating by parts, Art. 93., we have 

nb{r-\-\) nb(r-\-\y ^ ^ ^ ^ 
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Now/a;«-«(a+6ic")'+Jdic=/a:«-"(a + ^«") {a+bafydx 
=afaf^(a-\-bai^ydX'i-bf3ir(a-\-bx*ydx 



Therefore, by substituting this in eq. (a), and solving the 
resulting equation for w„, we obtain 

where u^ is made to depend on «„,_,», that is fxi^(a + b3f^ydx 
on faf*-^(a -{- baf^ydx. 

By repeating this process, m,^» may be made to depend on 

In the formula (a) the integral is made to depend on 
another of the same form, in which m is diminished by n, 
and r is increased by ubity. 

(11.) To diminish the index r in the formula 
where m may be either positive or negative. 

but by integrating by parts, we have 

faf^a+baf'y-^dx—faf^'^K {a+bafy-^af^^dx 

substituting this in the preceding equation, 

nr nr 
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where u^ is made to depend upon w^_i, that is 

Bj repeating the process, m^_, may be made to depend on 
«r-s> *J^d so on. 

(IIL) To diminish m in the formula u^^=zl i i,<yw\r » 

where r may be either positive or negative. 

Multiplying num^ and deno''., by a-f A«", and splitting, 

fl£r __ adx hdx 

3ir(a + bx^y-^ '^x^(a+b3fy af^a + bafy * 

by integration and transposition, we have 

_1_ r dx b 

now integrating by parts, we have 

y ^ cfo _ r 1 ^ 
je«(o + 6af y^^ T/ (« + *a"/-^ ' a?^ 

1 nb{r--\ ) r dx ^ 

substituting this in the expression for «„ and reducing, 

1 n(l— r)— wi-l-1, 

^"•~" o(m-.iy»-i(a +7^0^! "^ a(w-l) "^ ' 

where m,„ is made to depend upon w«_j„ and hence, by re- 
peating the process, m may be reduced by any multiple of n, 
(rV.) To diminish the index r in the formula 

__ /* a^dx 

where m may be either positive or negative. 

Multiplying numerator and denominator by a + 6«" and 
splitting. 
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by integration and transposition, we have, 

___ b f*af"^dx , 1 
"^ aJia^bjfy'^i'''-'' 

now integrating by parts, we have, > 

(a-{-baf*yj ' (a-^baf^y 






substituting this in the expression for u^, and reducing, 

_ af*^' If »t + l ,1 

"'•"«a(r-lX« + *«")'-* al»(r-l) ^J*''^-»' 

where tc^ is made to depend upon u^^j, and by repeating the 
process, r may be reduced by any number of units. 

96. Let the function be u^=f r. 

t/(l-a?«)« 

Here method (L) applies ; a= 1, 5= — 1, r= — ^, and n=2. 
Therefore the formula of reduction becomes 



m m 



c/(l-aj3)l' 



It will be highly instructive to the student to apply the 
general method to each particular case. 

P ardx P xdx 

hence we have by the formula for integration by parts, 
(Art. 93.), 

tt^= ~a:««-i(l -x^)i + (m- l)/a;»'-2(l -..t^)^. 
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by multiplying and dividing by (1— 0:^)5 and splitting 
/. w„=-af-i(l-a;»)^(m-12/^-^J3^-(^--lK; 

By putting m-^2, m— 4, &c., for m, this integral is finally 
reduced to 

;=8in~"*a; when m is even, 

P xdx 1 

and to / T= — (1— a?2\» ^ben m is odd. 

•/(l-a?2)* ^ 

JEar. 1. Let / r be required. Here m=3. 

*/(l-a:2)* 

P T^dx _ ar^l-a?g)^ ^ /* xdx 

2. Let / — . . be required. Here m=4. 

*/(l-a:2)i 

P^dx g3(i_aJ»)^ 3/*^^.. 

*V/(l-a!2)*"" 4 j/(l-a!«)*' 

then substituting 9ns=2 in the formula, 

y ^a?a<fe _ g(l-a;^)i ,/* <fe 
(l-«2)i"" 2 i/(l-; 



= -ia<l -««)*+ J sin ->jr. 
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substituting and reducing, we have 

P dx 

97. Let tt^= / . ^v be required. 

Here method (IV.) applies ; a=l, ft=l, «=2, and m=0 
Therefore the formula of reduction becomes, 

(H-ar2)r~2(r^lXH-a?2)'-»"^2(r-l)y(] 



d!r 



By this formula the integral is finally reduced to 

dx 

=tan-*a?. 



y ^ dx 



Ex, 1. Let / /I . 2\3 ^® required. Here r=3, 



• V (1 +««)» 4(1 +x^y»^t/ (1 



<£r 



then making r=2 in the fonnula, 

y "* rfa; _ a; , /*<i^ 

(H-a;»)»-2(H- ««)"•"*/ 1+P" 

^2(1 +««)+* ^^""^ 
therefore substituting this value, and reducing, 



/( 



dx X ,3 ar . 3 ^ , 



98. Let / r be required. 

Here method (HI.) applies; a= — 1, ix=l, n=2, and 
r=s^. Hence the formula of reduction becomeSi 

r dx _ 1 (a;«-l)iw2 /* dar 
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By this formula the integral is finally reduced to 
/ r=sec'"* X when m is odd, 

and to / :=i- — when m is even. 

J x\x^-l)i ^ 

Ex, 1. Let m=?d ; then 

r dx (x^^i)^ 

2. Let 971=5 ; then 

y^_dte____(^2-l)^ 3/L_^L__ 

r dx (a:2-l)* , 



2a;» 



n 

99. Let /(a^— »*)•<&, » being odd. 

Here method (IL) applies; a=a2, ^= — 1, «=2, »*=o> 
and 9»=0. Hence the formula of reduction becomes, 

JSr. 1. Let n=l, and a=:l, then 

_ <l-a:«)i , 



^ , ^ sin-1 ar. 






100. L^t Itt-t-v^, ^® required. 
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Here formula (a) of method (L) applies; a=l, 6=1, 
r= — r, n=2. Hence the fonnnla of redaction becomes 

y ^afcfo __ 1 air-^ m— 1 P gf^dx 

(1+x^y 2r-2 (1 +x2y-» "*'2r- 2^(1 +««/-'• 

JSr. 1. Let m=4, r=2 ; 

(l+ar«> 2(l+x«)"^2j l+ar 



a:* . 3a? 3 



+-7r-~:stan-*ar. 



2(1 +a?2) 2 2 

lOL Sometimes it is requisite to employ a combination of 

the methods of reduction. Thus let / , be required. 

Here we shall first reduce the exponent of the denominator 
\}j the general formula (Art 100.); where m=5, and r=f ; 

{y-^^f (1 + a^)* •/(l+ar«)^' 

In order to obtain a formula of reduction for this last ex- 
pression, we have, bj the general formula of method (I.), 
making a=l, 6=1, «=2, and r=— ^; 

. / ^g^rfa? _1 ^ ^^ m^l Paf-^dx 

** •/(l+a?2)i m ^ »»*/ (l+a?2)*' 

let m=3, then, 

hence we have by substitution, 

/^^^= — ^ +K1 +«*)k«'-2). 
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102. 



Let tt^= / j be required. 



Here method (III.) applies ; n=l, and r=^; hence the 
formula of reduction becomes 

u =__JL___ («+^a?)* K^m-Z) P dx 
^-~ o(w-l) a?™-i 2a(«»-lX/^pm-.i(a^5a?/ 

Bj means of this expression the integral is reduced to 
r. See JEa?. 2. p. 145. 

Ex, 1. Let 9»=2^ a=l, and 6=1, then 

P dx _ {\-\-xf ^ P dx 
JxXH-x)^" ^ . t/x{l+x)^ 

« ^(l+a:)*+l 



/^ jnf^dx 

103. Let «„= / 7 be required. 

J (2aa?— a?2)* 



Psf^^'dx 
This expression is the same as / .^ to which method 

•/ (2a -a;)* 

(L) applies; a=2a, 6= — 1, «=1, r=— ^, and m=m-^; 
hence the formula of reduction becomes, 

__ x^^ (2g~ar)* g(2m- 1) paT-^dx 



• _ ar-\2ax-'3i?)^ a(2m- 1) 



) PaT-^dx 
J {2a-x)' 



) P aif^^dx 
J (2aar-ar«)** 
By means of this expression the integral is finaUj reduced 



to 

y'^ dx ,x 
i =vers^ -. 
(2ax-a^y « 



I 
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Ex. 1. Letm=l, then 



•/ (2aa?-a?«)* J {2ax^a»y 



= — (2aa?— «®)*4-a vers-^-. 



2. Let m=2, then 

-=- (2aar-a^»)»+— / . 

(2ac-a?2)* 2^ ^ */ (2aa; --«»)* 

by substitution and reduction. 

104. To integrate exponential and logarithmic functions. 
Integrating by parts, we have, 



Ex. 1. If«=l; 



fe^xdx-— — ^. 



2. If »s2; 



e^jc^ 2 
f€^ac^dx=: fef^xdx 

^ a a^ 

""a a\ a a^ i » 

-^J^' 2a: 1.21 
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In like maimer, we have, 

/f!^— /Via: ^ 

, 

4. If n=2, .and a=: 1 ; 

a!2 - xV X • 

5. If n=d, and a=l ; 



' h{ -i^r^} 



2x^ 



To integrate / — we have, by multiplying the develop- 



t* t dx 
ment of e by — , 

X 



€fdx dx dx xdx , x^dx , « 

— =log «+a,+^-^+^-^-p+ &c. 
105. Integrating by parts, 



I 2 
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Ex. 1. If m=4, and n^l ; 

/ar* log xdx= — ^J?.--^fx*dx=i-^ {log x^i) . 

x^ 
2. fx^ ]ogxdx=j {log x—^} . 

S.fx^ (log xydx=^^^^^^%fx^(log x)dx 

o 

_ ai^ (log xy _ jjf ^^og a? _ , ^1 
^ 3 ^1 3 ^' 3j 

^5^(loga:?-floga:+f}. 

4./a:3(iog a;)2£&= J {(log a:)2-^log 0;+^} . 

\ 

Integration of Circular Functions, 

106. Functions of the form sin"*;v cos^^rd^ may be inte- 
grated bj methods similar to those applied in the preceding 
sections.. 

(I.) When one of^the indices is an odd positive integer, 
asm=2r+l. 

Since sin*"aj=(sin^a?)''sin a:=(l — cos^oj/sin Xy 

.*, /sin"*ar cos"a?cfo?=/cos"a:( 1 — cos* xy sin xdx 

= /co9"aj( 1 — cos* xyd cos a:. 

Since r is an integer, by expanding the binomial, the 
expression will consist of a finite number of terms, each of 
which maj be integrated by rule 3. This will of course 
apjdj to/sin*''^*a:£fa?. 

Ex, I , fain^x cos*a;rfa?=/cos* x(l — cos^ ar)* sin xdx 

,. . ,, « .^, cos^a? . 2cos7ar cos*r 
== —J cos-* ar( 1 — cos* xyd cos. a; = ^ — i— H = q— . 
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rt r . Q « . cos*ar cos*a? 
■^ • 5 3 

3. /8in*a?d!r=/(l— cos^a?)* sin xdx 
= — /(I— 2cod'a?+cos*a?)acosa?=— cosarH s 5— * 



4/* • a « COB mT 
. fsin^xdxz=. — cos X, 

g r * % - J cos"+^a: . cos"+'a? 

5. /Bin'a: coB*xdx= - -f . 

n + 1 ii+o 

Similarly, when n=2r+l, we have, 

/sin** a: cos"awfe=/sin"'af(l— sin^a?/ cos a^ 

=/sin"'aj( 1 — sin* a?)'"cf sin ar, 

which is integrated as in the last case. 

Ex. 1. fsm^x coB^xdx=sf^n^x(l—8m^xy cos xdx 
=/{sin*a?— 2 sin*a:+sin^ap}d sin x 
__ 8in^a? 2 sin^a; sin^ar 

-»/,.. - . sin^a: sin^a? 

2. /sin* a? co^xdx=i — -— . 

3. /sin* a? cos* a»2r::= 



sin"^* a? sin"''"3a? 



5 



ii+l »-i-3 * 

(II.) When m+«=r-^r, an even negative integer, 
8in"»a? cos*a:=tan'"a: cos"*+*a;=tan"»a? sec^a? 
=tan™a?( 1 + tan* a;)'*-* sec* a? ; 

/. /sin*af cos"a?<ir=/tan"a:(l +tan*a;)''-' sec'ard^ 

=/tan«a?(l +tan*a:)''-»rf tan ar, 

which is integrable as before. 

1 s 
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J €vD^x co8*a?"7/ Ian® a? J tan^ 

= f — ^ — -g-^ — , putting X for tan ar, 

" 5;2« ^z^ z"*" ■•"S' 

(IIL) The expressions /sin" a^dir ajidfcos^xdx can always 
be integrated when ;» is an integer, by developing the power 
of sin X or cos x, as the case may be, in a senes aeoording 
to the multiples of the arc x. 

Ex. 1. f^s^xclx=f{^^+^^+^-^}dx 



2. /sitt*a?cfo= 



__sin 5a? 5 sin 3a? 5sina? 
"""so""*" 48 ■*"~8~'' 

cos 3a? 3 coaa? 
'^12 4 * 



X sm 2x 

3. fBm^xdx=^ 7 — , 

- . ^ _ sin 4a? sin 2a? 3a? 

4. fsm^xdx^-^ 4"^+ S"' 

107. l/yiien neither of the conditions of Art. 106. is satis- 
fied, we must proceed by the method of reduction. 

(I.) To reduce m in M^=/sin'"a? cos*a?da?, where n is either 
positive or negative. # 

Integrating by parts, we have, 
w^= — /sin"*^'a? cos"a?c? cos a? 

= —22 -H -v / sin'^-'a? cos"+*a?cfe . . . (a). 

w+1 «+i ^ ^ 
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"Buifsiti^x cos ***a;d!r =/Bin'*-^aj coif*x (1 --8m*a:)d!!c 

Therefore, substituting this in eq. (a), and solving for f^^* 

sin*-*a?co8*''"*a? . m— 1 

After the same method the index n is reduced, supposing 
it to be positive, and m either positive or negative. 

Ex. 1. Let m=3, and ns=— 8 ; then 

/svD?xdx_ sin* a? 2 /^ eiaxdx 
cos^a: ~ 5cos^a: 5^ cos ^ or 

_ sin^g? 2 

""Scos^o? 5 . 7 cos^aj* 



2. / T — = — =— (sin'ar— f). 

^ cos* a? cos^a?"^ ^^ 



3. Let n=0, then 

^ . ^ - sin"*-* a? cos a? . m— 1 
«_-= f sin*" ajaa:= H w, 

a formula by which /sin"* awfo is reduced to— cos a? or x, 
according as m is odd or even. 

/^sin^xdx 

4. / i — =cos a:+6ec a:. 

^/ cos* a? 

(IL) To reduce n ia «-=/ — where m is either 

^ J cos* a: 

positive or negative. 

Multiplying by cos*a?+sin*a:=l, and splitting, we have^ 

/sin"* aj(cos* a? + sin* x\dx P saC^xdx 

cos*a? •-■ 'J co8»a: 

1 4 
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Now, integrating by parts, we have, 



/ 






u 



f 



cos" a: ^ cos** 

^ sin*"+*a? _mH-l 
""(n— 1) cos"-'a: »— 1 

Substituting this in the equation for u^ and reducing, 

_ sin"*^^a? n— ffl— 2 

"""(«— 1) cos*-* aj » — 1 *"** 

After the same method m is reduced in the formula 
cos*xcfo: 
sin** a: 



Ex. 1. Let m=0, then 



/ 



dx sin a? . n— 2 



cos** > •"■(»-l)cos»-'aj >~1 » ** 

/dx _ _ sin ar 4 

sin a; 2 



ti^= 



*"3cos3ar"+"3"«' 
P dx 

/ <fa sin a? 4 sin a? 4 . 2 

cos^aj"" 5 cos''* 3 . 5 cos^ar 5 . 3 

^ C dx sin* 1, . f « *1 

V c-^?J=2^^+2^^S**n4+2l- 

(ILL) Since tf tan *=:(l+tan2a?)(&; 

/. /taii*»a?d:r=/tan**-»a?(l+tanaa?-l)£& 

= /tan'*-^*^ tan a?— /tan*^^a?d!r 

tMi**— ^a? « « , 

s= — T fteji'^^xdx. 
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JEji. 1- /tan* xdx=^ taxi^x^ftsai^xdx 

=^ tan«a:— tana:+a:. (Ex. 9., p. 137.) 
2. ftaji^xdx=i tan^a?+log cos x. 
In like manner, we haye> 



Pdx __ / \1 +tan2ar-taii2a?)<fe 
Jisjf^x J tan"* a: 

::::i P dx 

(»i— l)tan"*-*a? ^ t&n'^^x' 
, Pdx -11 

V teS^"~rt55?^+2teS^+^^g «^° ^• 

. 108. Functions of the form of cos x and af sin x maj be 
integrated, by repeating the operation of integration bj 
parts. 

Ex, 1. fx . sin a»£i;= — ar cos a?+/cos xdx 

r= — a? cos a: + sin ar. 

2. fx^ . cos xdx.=x^ sin x—2fx sin a;^ 

=a;* sin ar+2(a: cos a;— sin ar). 

3. fx cos xdx^zx sin a? -|- cos a?. 

4. /ar« cos xdx=za^ sin a?+3ar2 cos a?— 6a: sin a?-6 cos ar. 
109. To integrate e^ sin nxdx, &c. 

By a double integration by parts, we have, 

1 « 
/e^ sin «a;«fo=- €«» sin nx fe^ cos narda: 

=-e~ sin iw-? 1 1 «" cos nx+^fef" sin »«<fe j . 

Solving this eq. for the value of/c** sm nxdx, we obtain 
f^ sin «^dir=c«* ^ «n^-^ cos na? 
X 5 
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Similarly, /c** cos nxax=e^ rz~2 ' 

110. Bj substituting for cos'o; and ain"ar, their develop- 
ments in sines and cosines of multiple arcs, the kitegrals of 
e^ sin^xdx and «*• cos^xdx may be obtained. 

Ex. fe' sin* *==i/'«*^i— ^ cos 2x)dx 

^ifeFdx—^f^ cos 2xdx 

e* e* cos 2a; +2 sin 2Ar 
2 2 5 

DEFINITE INTEGRALS. — INTEGRATION BY SERIES. 

111. In order to determine the value of the arbifarary con- 
stant c in an integral expression, we must first ascertain, 
from the problem proposed, what particular value of the 
variable x makes the integral 0; by this means we shall 
have obtained two equations, each containing c, from which 

c may therefore be eliminated. Thus we have/a^dic==^ +c 

for the general value of the integral: now suppose the 
problem indicates that the integral becomes whena?=a, 

then 0= -J- + c ; therefore, by subtraction, we find the corrected 



4 

IS now 



integral to be / a^dx^-j—^. Here the symbol / i 

prefixed to indicate that the integration is taken from the 
limit a;s=a, that is, the value of the integral commences when 
x=:a. This form is called the corrected iixt^gral, which, as 
we have seen, assumes the commencement of the integral, 
but does not assign any particular value to a;, so as to fix the 
final limit of the integral ; now if we suppose x to take some 

particular value, say 3, we have / o^'dlses-j — -j^, whieitis 

called the definite inUgral taken between the limits x=ia 
and x^b; where a is called the inferior limit, and b the 
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superior limit. Generally, let^(a?)db?=F(a?) -|-c ; now if the 
integral is when x^=a, then 0=f(o)+C5 therefore, by 
subtraction, 

fQc)dx=v(x)^¥(a), which is the corrected integral. 

If X now takes the particular value b, then 

/ f(x)dx=zv(b)^F(a\ which is the definite integral. 

Hence it follows, that the definite integral of an expression 
is equal to the difference of the values assumed by the general 
integral, when b and a (the limits) are successively substi- 
tuted for the variable x. Moreover as every function of x 
may be supposed to represent the ordinate of a curve, 
the abscissa being x, the problem of finding the value of 

/ f(x)dXy is equivalent to finding the area of a 

eluded between the ordinates corresponding to ar=a, ar=^. 
(See examples on the area of curves.) 

EZAMPLBS. 

1. To find the value of the definite integral / (1 -j-xydx. 
Here the general integral is 

/(l+a?)»rfir=^(l-ha:)'»+»+c 

therefore making successively «rs=l, x^O, and subtracting 
the results, we find 

f\l+xYdx=^.2^' l^=:=^(2»+i-l). 

*/o . w + 1 w + 1 n + 1^ 

2. To find the value of / cosxdb. 



curve m- 



€ 



The general integral is/cosa?dir=sina?+c; therefore, 
making successively :i;==^ir, ;ir==0, and subtracting the results, 
we find 

I 6 



/ 
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r 

COS xdx=san ^v^sin 0= 1. 

3. To find the value of I (l—x^)^dx. 

Here, bj Ex. I., Art. 99., the general value of the integral 
is/(l~g«)*cfa= ^^^'^^^ +i sin-'a:+c, 

/. jT* (l--a;«)*=i sin-i 1 ^i 8in-»0=i . |- 

4. To find the value of the definite integral / ,, 

t/o (l-a;«)i 

In the formula of reduction, Art. 96., put 2» for m, thea 
we have 

fx'Mx _ a**-'(l-~a;«)^ gn-l / ^g'^-'dg 

_ 1 . 2«-l 

b J putting, for the sake of conciseness, 5^,^, for a*^*(l — a?*)** 

Let n— 1, »— 2, • . ., 1, be put successivelj for n, in the 
above equation, then we have 

_ i_ 2n-l 

***•"" ~'2« ^*^^ "^ ^"^w" ""^^ 

2«— 3 



^».-i+o:r-i5« 



2i»-2 ^"^ ' 2«-2 



«0=8in-* ar. 

In order to eliminate all the u% excepting the first, mul- 
tiply the second equation hj the coefficient of u^ , in the 
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'first, the third by the resulting coefficient of u^ ^ in the 
second, and so on ; then add the equations thus obtained, and 
strike out the terms common to both sides of the resulting 
equation ; hence we find 

^ - f^fn-i A2n-l)g^ \ (2n-l) ...3.1 3.^.,^ 

"«•- I 2« + 2w(2«-2) ^*'''J ^2n(2«-2)...4.2 ^'"^ *+^ 

which is the general value of the integraL 

Now if the integral becomes 0, when a; =0; then 0=0, 

for yi»_i=aj**-*(l— a?^) =0, when a?=0, and so on to all the 
other ^s. 

When «=1, all the q's become 0, and sin~>a?=^» 

•1 x^dx (2w-l)(2«-3)...3.1 . w 



"tA ri- 



• zz* 



'o (l-ic2) 2n(2n-2)...4.2 2 

This result may be more readily obtained by the method 
employed in the following examples. 

5. To find the value of §'«= / sin'^xdx. 

Here, by Ex. 3. p. 175., the general formula of reduction is, 

* 

sin"*-* a? cos a: , w— 1 

in which, if we make successively a;=^, a;=0, and subtract 
the results, (or, what is the same thing, take the integral 
of both sides between the same limits,) we shall find that the 
integrated part vanishes by both substitutions, and then we 
have 

__m--l 

where q^ is the definite integral, «„ being the general one. 
Now, making m successively 2, 4, 6 . . . iti, we have 
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S'w-S — ^ 2 ^'m-i* 

_OT — 1 

^m — ~r; 9m-2> 

multiplying all these equations together^ and striking out the 
factors common to both sides, we have^ when m is even^ 

r^ ' n. ^ 1.3.5.,.(m-3)(m-l) t • 
# ^~ ^0 2.4. 6...(wi— 2)«i 2 

When m is odd^the first integral in the above series is 

5'3=|yi=f/ 81^ X<fe=§(-"COSi^-f COS 0)=:f, 



S. 



^ , 2.4.6...(«-l) 
sin"* xdx=^ — OCT ' 



6. To find the value of 5',=/ (a^— «^)^ « being odd. 

Here the. general formula of reduction is given in Art. 99. 
If we make suceessivelj 2;=a, 07=0, in this formula, we shall 
find that the integrated part vanishes by both substitutions ; 
hence, by taking the integration on both sides between the 
same limits^ we find 

making n successively 1, 3, 5, &c., we find 
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/^* (a» - a?«)i(fo= ^ r"(a» - x^fdx, 






multiplying these equations together, and then striking out 
the factors common to both sides, we find 

Jr*, « «x"i^ 1.3.5...» «a"^-> 

112. When a proposed differential expression cannot be 
integrated bj any of the ordinary methods, it must be ex- 
panded in an infinite series, and then each term can be sepa- 
rately integrated. There are also many important expansions 
which may be obtained from the integration of a series. 

Examples. 

1. Let tan *ar=/|-—-j+c be required in a series. . 

By division, we have 

-^=(1 -ic2 +ar*-a« + &c)dir, 

.-. tan-« «=y i+^,=a'-3 +3 - &c. +C ; 
but when a:=0, tan-* aj=tan-^ 0=0, .*. c=0 ; 

9 

A tan lazop— g-+g — &c. 

n dx 
2* Let sin-' a:= / : + c be required in a series. 

c/(l-a?2)i 
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By the binomial theorem, 

/. 8m-»«=/(l-xa)~i<£r 

='+273+27475+2747677+ ^''' ('=°^ 



m a senes. 



3. Let log, (1 +«)= / r— — +c be required i 
By division, Y---=(l—a?+a2_-p3^ &c.)^> 

but when a:=0, log, (1 +a?)=loge 1 =0, /. C=0 ; 
A loge(l+*)=ar-2-+g— &c. 



4. To find 



'/s 



Bydivision^^i =l+a:+a^-|- &c . . . (1), 

also by Art. 63. 

« 1 . log « • ^ . (log of .x^ , ft_ ,rtv 

a«-l+_6_ ^L_^_i_ ^ &c. . . . (2); 

multiplying (1) and (2) 
j£=l +(1 +log a)«+ (l +1»p+2^y + &c ; 

multiplying both sides by dx^ and integrating, 



TO FIND TH£ AREAS OF PLAKB SURFACES. 



185 



/S=.+a+i«»»)?t(n-!2fi+<^')f+«-+«. 



5. To find 



»/ (c—x] 



dx 



Bj the binomial theorem, 

ar\-* 1 



1 1 /, ar\-* 1 A 1 a? 1 .3 a* . ^ \ 






dx 



)5(2aa:— a;*)i 

where the integrations evidently depend upon the general 
formula of reduction given in Art 103. 



APPLICATION OF THE INTEGRAL CALCULUS. 
TO FIND THE AREAS OF PLANE SURFACES. 

s 

113. Differential of areas. Let AN and np be the co- 
ordinates of the point p in the plane 
curve APQC; am and mq those of 
the point q. Draw Qr and p/ parallel 
to AB, and produce np to meet Qr in 
»• Put AN=a?, NP=y, NM=A, and 
area anp=a. Now, conceiving the 
ordinate np to move from n to m, we 
shall have Incr. a;=A, Incr. y=QLy 
Incr. Assarea npqh ; and since the magnitude of a depends 
upon X (for as x changes a also changes), it follows that a 
must be some function of x. 

metk NRQM ^ NM . MQ _MQ_ y-|-incr, y __. ,i"cr. y 




areaNPLM nm . np np 
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Now as h approaches 0, Incr. y approaches ; hence, bj 

taldng the limiting values of both sides of this equality, we 

have, 

-. .^ area nrqm , 

limit =1; 

areaNPLM 

but Incr. a, or area npqm, is always greater than area kplm 
and less than area nrqm, /. afortioriy 

limit "^"^'^•'=1, . . . (1). 
area nplm ^ ^ 

Now area NPQH=Incr. a, and area NPLH=y • A, 

.. . 1 incr. A . 1 rfA , 
.-.limit -.-^-=l,.-.-.^=l, 

/. ^=y, or rfA=y«to . . . (2), 

which is the differential expression of the area of any plane 
curve. By taking the integral, we have, 

A=/y&? . . . (3). 

This integral, after being corrected, by means of the limits 
in the proposed problem, gives the expression for the area of 
a plane curve related to rectangular co-ordinates. When 
the equation to the curve is given, the value of y may, in 
general, be found in terms of x ; and then ydx^ the differen- 
tial of the area, may be integrated by means of the rules 
given in the preceding articles. 

In order to show the connection between an area and its 
differential, let us take a simple illustration. If the base of a 
right-angled triangle be x^ and its perpendicular y=2x, then 

the area A,=^ixy=^ ; 

differenting this, we find the differential c^* the area to be 
expressed by 

dA:=2xdx, or ydx ; 
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hence, bj integration, 

A=/2a?(&=ar«, 

which we ah^adj know to be the case. 

Examples. 



1. To find the area of 
the right-angled triangle 

CNP. 

LetCN=6,NP=^co=x, 
and OB=y ; then, bj simi- 
lar triangles^ 

hi 



x:y::b:l, .% y=., 




/. A=/y^=|^=g+a 



In order to find c^ let x=0, then area=0, and this equa- 
tion becomes 0=0+c, /. c=0. 

Hence '^^ oi» which is the ezprea8i<m for the area of the 

triangle cob. When xszb^ tttst is when CO becomes equal 
to CN, we have 



area 






2. To find the area of the parabola. (See^. p. 16.) 
Let ON=a?, and NP.=:y, then 

y'=:4aar, .*. y=2aw, 



* The area included between the ordinates or and np of any curve, is 
found from the general integral /^<f;r by making successively x=c-H^bt 
x=co=a, and subtracting the latter result from the former; but this is 
equivalent to taking the integral between the limits xs»a, xssb^ 



.*. / ydxtmxrea o 



BNP. 
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,% area ONP=/y(for=/2aiar5£fo=^aM-|-a 

Here, as in the last example, c=0, since area=0^ when 
a?=0, 

/. area onp=/ ydir=$aW=f a?y, 

substituting the value of y. Hence the area of a parabola is 
equal to f of the circumscribed rectangle. 

3. To find the area of the circle. 
Let CN=ar, NP=y, cp or radius 
=a; theny=(a2— a;2)', 

/. area CNPD=/yc&=/(a2— ar^^idiT * 

=|^sin-»|+|(a^-a:2)i+c. 

See Ex. 3. p. 156. 

Here c=0, since area = 0, when a?=0. 

The value of sin-* - can only be calculated by approxima- 
tion from an infinite series* See Art. 65. 

lfx=ay the area cnpd becomes the quadrant acd, 

.•. quadrant ACD=:/ (a2— a?2)'=^ 8in-4 =^, 
A area whole circle ADBQ = ira^ 
Cor. I. If AN=ar, NP=y=(2aar— a?^)^, 

A area anp= / (2ax—xi*)idx. (See JEar. 5. p. 156.) 

055. It should be remembered that/(a^—a:^)sc£r expresses 
the circular area Onpd, where x is the cosine to radius cs, 

and/(2cMj— a;2)i etc the circular area anp, where x is the 
versine to radius a. 
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4. To find the area of the ellipse. (See^^. p. 16.) 
Let CN=a;, iJp=y, then y=- (a*— a*)*, 

/. areacNPB=/ydir='/(a*— «2)'db: 

h . 

= - circ. area cnPiB., 
where aBiDm^ is a circle described upon the major axis. 

A eUiptic quadrant dcb=| circ. quadrant dcb, 

h ica^ icah 

■"a 4 T* 

9 

/. area whole ellipse =:ira5. 

5. To find the area of the hyperbola. (See^?^. p. 1 14. ) 
Taking the centre c for the origin, CNi=a?, NP=y, 

.-. area axp=/>^=- J(x^-a^^dx. {SeeEx. 2. p. 165.) 

c* 

Now, whenar=CA=:a, areaANP=0, .% 0= — ^ log a+c, 

/. c=-2-log a; substituting this value of c, and reducing, 
we have 
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Cor. Let the points c and p be joined, then 

area sector cap=acnp— area anp • 

ab , a?+{a^— a*)* 



ab 



^ {M}- 



2 

6. To find the area of the witch. (See Jig. p. 19.) 
Let 0K=2^ NP=y, 0B=2r, then 

'^^2r(2rx-x^)\ (gee Art. aX) 

/. area=/ydir=2»T^?^^^^^. (See Ex.S. p. 144.) 

=2r< (2rX'-a^)^+r versin-*- j- +c, 

and c=0, since area =0, when a;=0. 
Let x=:2ry then the whole area 0BPD=2r xrr 
=2vf^ => 2 (area semicircle o p^ b). 

7. To find the area of the cissoid. (See^r p. 20.) 



s 

Xi 



Here y= — '^^—r- (See Art. 23.) 
(2r-ar)* 

/, area pNP=/ydir=/ :. (See Ex. 8. p. 157.) 

*/ (2r--a?)4 

= ^2si^ (2r-a?)i+3/(2ra;-a?2)l^ 

= — 2ar {2rx - x^)^ + 3 (circ. area onk). 

(See Obs. to £!ar. 3. p. 188.) Let x^2r ^hen the whole 
areaoBCP contained between the curve and its asymptote = 
3 (area semicircle okb). 
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8. To find the area of the logarithmic curve. 
Herey=a*. See Art 24. 

.*. area ONFB^fydxssfa'dx 



— «* 
^i^"^^' 



now when ar=0, area=0, .% 0=; he. 

logo ' 



.•. c= 



log a' 

.-. areaoNPD=r-— {a«~a«}==,— (np-ob) 

log a ^ •' log or- ^ 

* =subtan. to P x (np— ob). 

9. To find the area of the catenary, the equation being 



.\ area 

r2 X 



= /ydx=l |(J+e"«>£i; 



==^(^-€ 5)-fc(==0). 

10. To find the areas of the spaces ovko and apoa in 
£x. 1., page 123. 

Here $f=»3ifl+Zx^+2x; hence we have the following 
general expression for the area, 

A=fydx=f(x^+Sx^+2x)dx 

=lx^-hx^+x^+c.. .(1) 

In order to find the area o ye o, let at and ty be the 
co-ordinates limiting the area ot y ; then when a?=A0= — 1, 
the area=0; /. 0=J-.l + l-fC, .% C=— J; 

.•. areaoTV=l y(for=ja:4— ar^+a!^— J ; 
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and when 'a7=:AE=2, We have, 

area ovko.= / ydx^^ . 16— 8+4— J=— J. 

This result is minuSy because x and y in the curve o VK 
have different signs. Irrespective of position the area is J. 

To find the area apoa ; let an and pn be the co-ordi- 
nates limiting the area apn ; then in eq. (1) c=0, since 
z=Of when area = ; 

y^— SB 

/. area apn= / ydx=^3t^'-afl+a^ ; 

and when a:=AO=l, we have, 

areaAPOA=/ yd!r=J— l-fl=J. 

This result is plus, because x and y throughout the curve 
APO have the samd sign. 

TO FIND THE LENGTHS OF CURVES. 

114. Lemma. If «' be the length of the arc pq, and c the 

length of the chord PQ, then ~ = 1, when / and c approach 

c 

0. (See fig., page 41.) 

Let TPD be the tangent to the point p ; draw qd perpen- 
dicular to PD, and put/.QPD=d ; then, Geo. Art. 73., we 

have, 

arc PQ > chord p Q< pd +qd ; 

but from the right-angled triangle pdq, we have, 

PD=c cos Of and qd=c sin d ; 

.*. s^>c<c cos B-^-c sin 6\ 
/, - >1 <cos d+sind. 



c« 
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Now, by the definition of a tangent, Art. 33., when 5' ap- 
proaches 0, the limiting value of 6 is 0, and therefore the 
limiting value of cos 6+ sin 9 is 1 ; 

/, limit - > 1 < 1, that is, limit - = 1. 
c c 

115. To find the differential of the arc of the curve. Let 
AN=ir, NP=y, NM=:PL=A OF iucr. X, arc ap=5; then 
LQ=incr. y, and arc PQ=incr. 5. 

Now, since the magnitude of s depends upon x, it follows 
that s must be some function of x. 

From the right-angled triangle plq, we have, 

(chord p q)2 =p L^ -1- L q2, or 

=A«+(incr. y)» ; .-. g=^l + (^)' ; 

^incr. 5\ ' 
multiplying by f — j , we have, 

m 

/incr. «\'_ /" incr. « '\ J . /" incr. y \ • "I 

\rrj -\r~r^J v \ * y r 

incr s 
Now when A approaches 0, the limiting value of — y-^ 

=-=-, thatof — =1> by Art. 114., and that of — 7^ 

dx c n 

=-^ ; hence we have, 

.-. cf5= 1 1 + r^y \ W, or cf52=(fo;2 + rfy2.* 

* If, according to the method of infinitesimals, we may be allowed to 
consider an infinitely small arc pq as a straight line coinciding with its 
chord, and to put PLacfa:, LQrsdfy, and arc PQ»cf«, which conditions 
really obtain at the limits, then we readily find 

p Q* s= p L* + L Q*, that is, da' = dx'* + rfy*. 
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Hence we have bj iategration, 



s 



=/{'-(f)"}'- 



EXAMPLBS. 

1. To find the length of an arc of a parabola. 
Here the equation of the curve is y^^^ax ; 

dy_2a . f^Y^^^^ . 
dx" y * ' * \dxj ^ y* ""« * 

■=/{'HI)'lV('-i)'- 

=(«»+ar)'-t-|log {(a^+aar)'+ar+^} -f c. JEx. 9^ p. 144. 

And *=0, when x^^0\ .% 0=^k)g^+c ; hence, eli- 
minating c between these two equations, and reducing, 

,=(x«+«r)l+|log^±2?±2(^±f!^. 



2. To find the length of the arc of the semicubical para- 
bola, whose equation is y'^ssd^ad^. 

,„ \ dy 3aa^ 

••••=/{'KI)'}V{'-t}'- 
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_ (4-f9o«a?)i-8 
•*• '•" 27a« 

This was the first curve which was rectified. The honour 
of the discovery is due to W. NeiL 

3. To find the length of a circular Ai». See fig. p. 188. 
Let AN=ar, PN=y, AO the radius =a, and arc ap=« ; 

/. *=«/ :=o versin-^ — |-c ; (See Art. 89.) 

and 0=0, since *=0, when ar=0. 
When x=sa, the length of quadrant ad=^, and the 



2 
whole circumference =2va. 



Obs. The various expressions for the differential of a 
circular arc whose radius is a, should be carefully remem- 
bered ; as for example, 

, _ €uix adx 

^(2a«-a!2)J""'y~* 

4. To find the length of the arc of an ellipse. 
Here y=*(««-«»)i /. ^= -*—?__ • 

by putting «• for -= — j— ; 

K 3 
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=^(Tz;;^r " x~2T4"" 2T476 ~^^- r 

expanding (1 — eV)l by the binomial theorem. 

r. Let the 

ri-;?«^5 



length of the quadrant be required ; then we must integrate 
from a;=0 to ir=a, that is, since az=^x^ from 2r=0 to z=\ ; 
hence we have, by Fx. 4., p. 180., 

^ gg*rfz _ 1 .3. ..(2w-l) T. 
^0 (l-22)i"~ 2.4... 2n •2' 

hence making successively ra=l, 2, 3, &c.. 



*/o 



»/ (l-z')i~2-2'7,(l_^»)r2. 

therefore the length of the quadrant of the ellipse 



-^ ^ &c • 
4 * 2' ' 



^wa r - 1 

"^yi 2« 



1 .3 



e*- 



1 . 3« . 5 



-&c.}, 



2» . 4»'' 2* . 4« . 62 
a series which converges rapidly when c is a small fraction. 



TO FIND THE VOLUMES AND SUBFACES OF SOLIDS. 

Differential of the Volume of a Solid of Revolution, 

' 116. Let v=the volume of the solid generated by the 
revolution of apn round the axis am ; 
AN=a?; NP=y ; NM=A=Incr. x\ then 
QL or EP=Incr,y, and Licr. v = the 
solid generated by the revolution of 
NPQM. Now the solids generated by 
the revolution of the rectangles pm and 
RM, are the cylinders pl/j9 and RQ^r, 
whose solidities may be found hj'Ex, 20. p. 33. 
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solidity cyl. RQyr _Tr . rn^ . nm_rn^ 
solidity cyl. pl//> "~ir . pn* . nm ""pn* 

I/' "V^ y J' 

Now as h approaches 0, Incr. y also approaches 0, 

V .^. , « solidity cyl. RQflT . 

/. bmiting value of — |.,./ — '^ — ^^ = 1 ; 
^ sohdity cyl. Yhlp 

But the solid TQqp is always intermediate between the 
two cylinders, /. a fortiori, 

limit ^^^^^y^Qyp :^i. 

solidity cyl. Fhlp ' 
now solidity PQyp=Incr. v, and solidity cyl. Fi.lp=9y^k, 

,. . I Incr. V - ^ 1 dv . 
/, limit — o . — I — =1, /. ^:;:5 . ^-=1, 



Try" 



«y2 * dx' 



dy 



.\ ^=«y^ or dv=-icy^dx ... (1) 

hich is the differential expression of the volume of any 
solid of revolution. By taking the integral we have 

Yxzvft/^dx . . . (2) 

Differential of the Surface of a Solid of Revolution. 

117. Let ^=the surface generated by the revolution of 
the arc AP(=f) romid the axis ab; 
and Incr. S= the surface generated 
by the arc pq or Incr. «, due to the 
increment nm given to x. 

On PL and qr produced take p/ 
and Qr each equal to the length of the 
arc PQ ; then p/ and Qr will generate 
cylindrical surfaces ; therefore by 
Ex. 20. p. 33., we have 

s 3 
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surf, gen, by Qr __ 2y . qm > Qr _QM 
surf, gen, hj p/'"2ir . pn . p/ ""piT 

_ y+lpcr.y _, , Incr.y 

. ,. ... 1 1. surf, gen. by Qr , 

.% limiting value of — -w^ =r — i=l- 

^ surf. gen. by p« 

But the surface generated by the arc pq is obviously 
greater than the surface generated by p^ and less than that 
generated by Qr; therefore a fortiori 

limiting value of — ^ — '-^ — ^ = 1, that is, 
° surf. gen. by Pi 

-. .^. J jf ^ Incr. S . 

nmiting value of ^ — • t = !• 

o 2«y Incr. 8 

Now since ^8^ is some function of Sy at the same time s is 

some function of x, therefore when A or nh approaches 0, 

Incr. s as well as Incr. S approaches ; hence the limiting 

, - Incr. S . dS 

value of :f IS -j-, 

Incr. 9 da 

^ \ dS . dS ^ 

.•.J5=2^{l + (|y}*^...(l) 

by substituting the value of €29. 
Hence by integration, we have 

US. The differential expressions contained in the two 
preceding articles admit of taking the following forms. 

Thus in eq. (1) Art, lie. since v^s=area section vp, 
.'. dY or element of the solid=area section vp x dx. 
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And in eq. (1) Art. 117., since 2iiy= perimeter section p^, 

•\ dS or element of the surface=perimeter section Tp x ds. 

Now it is important to observe, that the reasoning, em- 
ployed in establishing these results, holds true whatever may 
be the form of the section pp of the solid, provided that all 
the sections parallel to pp are similar figures, or otherwise 
that they may be expressed by the same general equation. 

Examples. 

1. To find the volume and surface of an c 

upright cone. 

LetAD=r, DC=a, cp=a;, and kps^; 
then K 

AD : DC : : KP : op, that is 

r: a :: y : x, .-. y=~5 

and = 0, since v=0, when a:=0 ; 

Let af=a ; /. whole cone CAB=—s-=i cylinder of the 
same base and altitude. 

To find the coiivex surface, we have y= — , 

• ' \dx) ^o» 




and c=0, since 5=0, when a; = 0. 

K 4 
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Let x^a ; /, convex surface cone CAB=«r(a*-|-r*)' 
= J^ circum. base x slant height AG. 

2, To find the volume and surface of a sphere. 

Let Gn=2r, An=^, and the radius of 
the sphere =r, then 

y2=2rar-a;2 ... (1) ^^ 

=«(ra?2— ^ar'') + c, and c=0, \. ...''' 

/. solidity segment a C b = ira^(r — \x). 
Let ar=2r ; then whole sphere =4irr*(r— fr)=^r'. 
But the solidity of the circumscribing cylinder =2»r'; 

/. solidity sphere =f the circum. cylinder. 
To find the surface, we have by differentiating (1) 

/. '^-2ir/y|l+^^j [ da?=2w/y.-£fo=2»rar + c, 

and 0=0; .\ surface segment ACB=2irra:. 
Let x=2r; then surface whole sphere =4«r*. 

Hence the surface of the sphere is equal to the convex 
surface of the circumscribing cylinder. (See Ex. 20. p. 33.) 

3. To find the Volume and surface of a paraboloid abd, 
generated by the revolution of the para- 
bola adb about its axis mo. 

Let Dm=2r, and am=i/ ; 

then y^=4aa? . . . (1), 

/. volume ABD=ir/y2ctr=ir/4acda? 

=2iraa;2-f c, and c=0, 

/. volume ABD=2iraaj^=^ary*a?=Jarea 
base X perpendicular height. 
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To find the convex surface^ we have by differentiating (1), 



dx 



__2a . .,fd^y_. 4a»_ar-|-a 



= ^a^x + a)« + c, 
and 5=0, when a?=0 ; /. c=— l^iraW; 

/. surface a b d= fira' {(x + o)* — a') . 

4. To find the volume of a prolate spheroid, formed bj 
the revolution of an ellipse acbd about ^ 

its major axis ab. 

Let GE=a?, and EP=y; 

theny2=:^__(a2_a:2); 

.-. y-'KSy^dx^isC -j^a^-~3^)dx 




r-;B 



=^ f a^ar— — J -f c, and c=0. 



/. volume gen. by cfqd= — ^-f a^— q- 1 ; 
when 2;.=:0B=a, then volume CDB=fir6%, and whole solid 

Cor. 1. Comparing this with the expression in Ex. 2, 

sphere on major axis : prolate spheroid : : a^ * h^, 

5. To find the volume of an oblate spheroid, formed by 
the revolution of an ellipse acbd about its minor axis cd« 
(See last^.) 

X 5 
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In this case, ]et^GS=5f, and efsbj;; then 



b^ 



taking x=zbf and doubling the result, we have the whole solid 

Cor. 2. Comparing this with the expression of the last 
example, we find 

prolate spheroid : oblate spheroid l\ b : a. 

6. To find the surface of a (Hrolate spheroid. 

Adopting the notation and figure of Ex. 4., we have 

••• *=-/»{'-(i)'}-=^y(?-)- 

=?{<7:-)'-s--?}. 

by £j:. 3., pi^e 156. This is the expression for the surface 
included bj the ordinates CD and fq. 

Making x=:a, and douUing the result, we obtain 



2iccA 



— p«^J. 



surface whole spheroid= {e(l —«*)*+ sin-* e] . 



7. To find the volume of a cir- 
cular spindle, formed by the revo- 
lution of the arc heq about its 
chord HQ. 

From o, the centre of the circle, 
draw CIS perpendicular to the 
chord HQ; letOE=r, oi=c, im 
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=GDs=ir, Dm=:Gl=^ ; then od^stod^+OG*, that is, 

r>=««+(y+c)a; 

/. y2=r2-c*-a!a-2cy; 

=»"{ (r*— c2)a?— -Q^— 2c(gen. area imDB) }- +c, 

and G=o ; which is the volume of the frustum generated by 
the revolution of imDB, and this being doubled will give the 
expression for whole frustum abcd. When :r=iH, the 
volume of the semispindle H£F=r2v {^ih^— oi x area ihe} . 

8. To find the volume of a parabolic spindle, formed by 
the revolution of a parabola heq about its ordinate hq, 
taken perpendicular to the axis fo of the curve. (See last 

fig-) 

Let i9n=:GD=a;, Dm=Gi=^, ie=6, and ih=/; then 
GD^=4a X EG, that is, a:^=4a(5— y) ; 

which is an expression for the volume of the frustum gene- 
rated by the revolution of imDS. When X'=ly this expres- 
sion gives the volume of the half spindle hef ; hence volume 

half spindle HEF=^^2(l-f-fi)=A»/62, eliminating «« 

by means of the equation to the curve. 

s 6 



t 
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9. To find the volume of a conical solid, the base being 
any given curve. (Seey?^. p. 199.) 

Let cp=ar, CD=a, a = area base ab whatevei* may be its 
form, and Aj=area section kv; then, from the similar 
figures, we have 



A ab8 cd2 a« 



KV^ CP^ 



7i' 



• • 



A,= 



Aa?« 



,sr> 




,\ Artlia, dv or element solid=A,cfe= — r-, 

when a?=a, volume abc=^ Aa=area base x J altitude. 

10. To find the volume and surface 
of a groin, formed by the intersection 
of two semicircular arches with each 
other. 

Here all horizontal sections, such as 
CDNP, will be squares; the vertical 
section, APQMi&, parallel to the line 
KR, will be a semicircle; and if am 
be a vertical line, apqm will be a quadrant. 

Let AN=ar, NP=y, AM=MQ=a; then the generating area 
cpdn=cd2=45^2 . therefore, Art. 118., dy or element solid 
=generating area x dx=4i/^dx=i4(2ax—x^)dx ; 

/. v=4/(2aa?-a^»)€fe=4(^a«»-^V 

which expresses the volume of the part acd. When ar=a, 
the whole volume =|fl^. 

To find the surface. Perimeter section CDN=8NP=8y. 

.', dS or element surface =perimeter section CDNxds 

r^ adx 
=8y X ^ ==Sadx, see Ex. 3. p. 195. 
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/, s=/8adic=8aar + (const. =0)5 
when x=ay the whole curved surface =8a^. 

11. To find the volume and surface 
of the solid ombl, cut off from a right 
cylinder, by a plane omb passing 
through the centre x of the base, and 
inclined at an angle a to the plane of 
the base oml. 

From X draw xl perpendicular to 
OM, and let cdef be a section perpen- 
dicular to the base, and parallel to om ; then cdef will be 
a rectangle, and we may regard the solid as being generated 
by the motion of this rectangle parallel to itself. 

Let XG=ar, xo=XL=XM=r; thencF=2cG=2(r2— a:^)*' 
and GH or CD=a; tana ; 

/. area gen^f. rect. cdef=cf . CT>=^2{r^--x^)^x tan a ; 
/. dy or element solid=2 tan a(r^'^x^)^xdx, 

/. v=2tana/(r2-ar2)5^c«a:=-?-^— (r2-ar«)^-hc; 

J /^ i_ rx rx ^ tan a ^-^ 
and v=0, when a:=0, /, 0= f-c, 



/• C= 



2 tan a r* 



/. V or volume ocdem= — «— ?{r«— (r^— a?^)?}. 



When a?=r, the whole solid olbm= 



2 tan a . r^ 



To find the convex surface. Here the generating line is 
CD : putting 5, therefore, for the arc OC, 

rdx 



ds or element surface=CD x^«=^ tan a x 



(r2~ar2)4 ' 
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/. s=rtan«/^-^^=-rtan«(r«-ar«)i+C, 

and 8=0, when a?=0, /. c = r^ tan a; 

/. s or surface 0CD=r tan a {r—(r2- a?*)*} ; 
taking x=^r, and doubling the result, we find the whole con- 
yea surface OLBM=:2r^ tana. 

12. To find the volume of a cylindri- 
cal ring, formed by the revolution of a 
circle, whose diameter is ab, round o 
as an axis. 

Put 2r=AB, the diameter of the re- 
volving circle, and ^=the distance of 
the centre of this circle from o. 

Conceive a horizontal section to be made, passing through 
the centre of revolution o, and dividing th6 ring into two 
equal parts. Parallel to this plane, and at the distance x 
from it, let another section be made ; then this section will 
form a plane ring, whose half-breadth we shall represent by 
y, and therefore its area=ir(5+y)8-ir(6— y)2=47riy ; 




• • 



dv = genfif. area xdx= ^vbydxy 
J = AftsbJ ydx = 4«5 X -J- = w V^i, 



which is the volume of the half ring ; therefore the volume of 
the whole ring=2ir*r2i. 

13. To find the volume of the 
solid formed by the revolution of 
the cissoid about its asymptote bc. 

Taking b as the origin, let 
BQ=NP=X, <iP=BN=y, OB = 2r. 
The equation of the curve, given 
in Art. 23., may be thus expressed : 



NP 



„ ON* (OB — bn)*. 




BN 



BN 
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thati8,ar«=^?^^:^...(l). 

y ' 
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By the formula of parts, 

but from eq. (1), xy^{2r^y) (2/y-y2)i, 
/. fxydy^J{2r-y) (2ry-^y^)idy 

=Kr-!/) (2ry-y^)idy+rf(2ry-y^)Kly 
=^2r^— y*)i+r(cir. area bnk) ; 

.\ v=ir(y2a._2(2ry-y«)l~2r(cir. area bnk)} +c, 
and v=0, when y=2r, .\ 0= -2irr (cir. area bko)+ c; 

/, v=7r{^(2ry— y2)i+2r(cir. area nko)} ; 
wheny=0, the whole solid =2vr (area semicircle bko) 
:2«rx -yswM. 
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119. Let APQ be a curve referred 
to polar co-ordinates, the origin being 
at s ; on 8 as a centre describe the 
circular arcs Pe and Q^' 

Let sp the radius vector = r, Z. A sp 
=d, area asp=a, and ap=*, 
then Q c = incr. r, Z. psq = incr. 9y area 
SPQ = incr. A, and pq = incr. s. 




area s 



area sp 



Ji~"s^ I r J ""l^^ r J ' 



.*, limiting value of ^= 1 ; 

° area sp« 
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now area spq is greater than area spe, and less than area 
s^'Q; therefore, a/brft*ort, 

. .^ area spq , ,. . incr. A 



limit 



area SFe 



= 1, or limit j-^-- 7=1, 

1 r* mcr. 6 



= 1, orrfA=-s-- ••(!)> 



ir2 de *'^* ''^ 2 
which is the differential of the area asp. 
By Art US., ds= ^dx^^dtf^ ; 

but SK=SP . cos 9, and kp=sp . sin 6 ; 
that is, a;=r cos d, and y^=-r sin 6 ; 

differentiating these two equations, we have 

dx^=dr cos 0—r sinOdBy 

dy=dr^D d-hrcos 9d6, 

squaring and adding dx^-\-dy^=zdr^-hr'^dO^, 



/. d8 = Vdr^'j-r^de^...{2). 
This result may also be proved after the method of limits. 

120. These, as well as other important formuke^ may be 
readily derived by the method of infinitesimals. 

Let, as in Art. SS^^ p. 86., pq=c£s, Q6=c?r, pe=:rd6; then 

c?A=area spq=^ sp . Pc=i^ r . rd6=:^r^d0. 



ds=Fq=:^'^(ie^'¥^e^=zVdr^'\-r^de\ 

Let fall SY perpendicular to qp produced, and draw sk 
perpendicular to sp; then, when pq is infinitely small, pk 
becomes the tangent to the point p, and sk is called the 
polar subtangent Put sy=/j, and Z. sqp or Z. SPK=f ; then 

sin 0= = -i- • • • (1)> 
^ pq ds ^ ^ 
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pe rdB 

^=ST=r8m^=-^ ...(3), 
polar subtangent=SK=rtan (p=.—-r— , . .(4). 



Examples. 
Polar Areas, ^c. 

1. To find the area of op p in the common parabola, the 
focus F being the origin. See^. p. 15. 

By Cor. Art. 19., r=j--— -^= -^; then by (1) Art. 119. 



cos^- 






CWj 



='"l/'('^'-5)^.=-/('+--D'"»l 



C0S2- 



=«*(tan2+3tan3|). 



2. To find the area of the spiral of 
Archimedes. 

By Art. 26., r—~ . 0, 
.-. A=ifr^d9 

-8i^-^^^^=2S?=35' 
when the radius vector op has made one revolution, r=0A 
= a; /. the area OPQA= 




<> 
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3. To find the area of the lemniscata of Bernoulli. 
Here the equation to the curve is r'sa' cos 2 9 ; 

(A fA 

:. A= J/r>rfd=^/cos 2drffi=-j- sin 2 d +(con8t=0). 

If 6=45°, then sin 2 9=: 1, /. J lemniscatasT:' ^^^ whole 
area =a*. 

4. To find the length of the spiral of Archimedes, the 
equation being r=-a9. 

By eq. (2), Art. 119. 

=£(rH«»)i+|log{r+(r«+a«)J} +C, 

hy Ex. 2. page 155. When r=0, *=0, /. 0=^ log a+c, 
•*• the length of the arc from the origin is 

2S~" ^2 ^^^~ a • 

5. The equation to the hyberbolic spiral is rd^a. 

Show that the area swept out by the radius vector from 
to r is ^ ar. 

6. In the logarithmic spiral rs^ae^ ; show that 

*=(l+m«)l^. 

7. The curve represented hy the ^nation r=za sin 39, has 
six identical loops formed about the centre of a circle whose 
radius is a ; show that the area of one of these loops is 
-^ vaK 



POLAR CO-ORDINATES. 211 

Polar Tangents^ SfC, 

8. To draw a tangent to the spiral of Archimedes. 

a 
Here »'=q- • ^> and bj (4) Art 120. 

polar subtangent = r* . -j- =r* . — = . 

When rsOAssa (see Jig» to ^o;. 2), the subtangent at 
A=2va=the circumference of a circle described with the 
radius oa. 

9. In the logarithmic spiral rs=ae^; 

/. dr^maef^^dBy and -t-= — ; 

ar tnr 

polar subtangent s=r* . t-=—« 

(id 1 
By (2) Art. 120^ tan^=r . ^=- ; 

hence in this curve the tangent always makes the same angle 
with the radius vector. 

By (3) Art. 120-, 



ds Vdr^-j-r^dB^ f (dr\^ , 

4-^ 



V(S) 



VrnV + r-' Vw^^ + r 
10. In the hjperbdUc spiral rB^s^a \ 

/. ifr6+^0=O, and j- = — ; 

or T 

HA 
.*. polar subtangent^r' . ^ = — rd=— a, 
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a constant quantity ; hence the locus of the extremity of the 
subtangent is a circle whose radius is a. 

2a 

11. Show that the subtangent to the lituus is — ; the 

T 

equation of the curve being r*0=a. 

12. In the lemniscata of Bernoulli, the perpendicular p 

upon the tangent is -^, 




RADIUS OP CURVATURE. 

12L Conceive a fine cord, fixed at one extremity, to be 
gradually unwound from the 

convex curve boo, then the n J<^ ^ ^^ 

extremity b will describe a 
curve BPV, in which every b* 
successive portion will be swept 
by continually increasing radii 
OP, OP, &c. Here op is called <> 

the radius of curvature to the point p, and o the centre of 
curvature. The curve boo, which forms the locus of the 
centres of curvature, is called the evolute ; and it is obvious 
that the radii of curvature are all perpendicular to the curve, 
and at the same time form tangents to the evolute ; hence 
the direction of the curve at p is always perpendicular to 
the direction of the evolute at o. Hence, also, if any two 
points be taken, on the curve bv, infinitely near. to each 
other, then the lines drawn perpendicular to the curve at 
these points will intersect in the centre of curvature. 

As a further geometrical illustration of the principle of 
curvature ; let different circles be swept so as to touch the 
ellipse abaV in the point b (see ^^. p. 216.); then so 
long as the circles fall within the curve of the ellipse on 
each side of b, the radius of curvature at b must be greater 
than the radius of any of these circles ; and, on the contrary, 
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when these circles fall without the ellipse, the radius of 
curvature at b mast be less than the radius of any of these 
circles. Hence the circle of curvature is that circle which 
is intermediate between those circles which fall within the 
curve and those which fall without it. 

122. Let PC and qc be two normals to a curve at the 
points p and Q; pt and qt' tangents 
to these points. Let an=x, NP=y, 
5= the length of the arc bp, c=z the 
chord joining p and Q, /_pt x=yp, 
Z.QT'a?=4/', and R= the radius of 
curvature at p, which, from what has 
been explained, is the limiting value 
of PC as PQ approaches o. 




NT'* 



(1) R= the limiting value of 



Lc 



For by simple algebra and trigonometry, we have 



c^ c smc 
c""8inc ' c 



PC 



sine 



smPQC 



Now as the point q approaches p, the A. pQC will approach 
nearer and nearer to 90° or ^ as its limit; therefore the 

limiting value of sinPQC is 1: and moreover, by (17) 

sin Cj 

Art. 28., the limiting value of =1 ; therefore the limit- 

c 

ing value of -=: the limiting value of pc=r. 
c 



(2) Conceiving the point p to move to q, then 
PQ= incr.5, and i|/'— 1|/= incr.i^. 
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Since L p and Z. Q are right angles, 

Zc=Z.tjt', but J/'— 4/=Z.tjt', 

hence, by simple algebra, we have 

incr.if' Zo c c 

— + 



incr.f mcr.f incr.f Z.C 
Now as PQ or incr.« is diminished, the limiting value of 

-, — — is -r ; from what has just been proved, that of -— is 

I* 

B, and that of . is 1, bv Art. 144. ; hence we have 

incr.f ^ 

Let U8 now proceed to find-B in t«nna of x and y. Bj 
Art. 32., we have 

therefore, by form (3) Art. 58., 

.,_ dx _ da^ f^\ 

Y^f^y'dx'-^dy^ * \dx) 






therefore, substituting in (1) we have 



B d$ 

dx^ , fdy 
df^ 



(i)-(»^ 
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If « be the independant variable in this expression, then 









»_ <fe» _( &«+%*)* 






Kdx*J 



...(4). 



When the equation of the curve is given, the radius of 
curvature, to anj point in the curve, msj be found from 
anj of the last three formulae. In the following examples, 
formula (4) is onlj employed. 

Examples. 
1. To find the radius of curvature of the parabola. 
Here t/^=4<iXy and y^2c^x^\ 

andg=-iA-«=-^4^ 
substituting these values in formula (4), we have 

. 2(a+x)i 

Cor. When x=0, B=2a ; that is, the radius of curvature 
at the vertex is equal to twice the distance of the focus. 



216 



RADIUS OF CTBTATCBE. 



2. To find the radios of cmratme of tiie ellipse aba'b'. 
Taking the centre C as the origin. 




Of 

dx'^ ~a (^a^-x^f 

. dhf ah 
and -f\^ j, 



-^^\dx) -^ ■^a^(a«-^«)-^^^:i^' ""^'^^^ ^ - a» ' 

and f;!-^) =r~2 2\3> substituting these values in the 

general formula (4), we have 



THI! CYCLOID. 
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ah 
Let X and y be the co-ordinates of the jjoint P in the ellipse ; 

draw po' perpendicular to the curve, or, what is the same 
thing, perpendicular to the tangent to the point p ; take off 
po'=to the Talue of r above found; then o' will be the 
centre of the circle of curvature to the point p, and will 
consequently be a point in the evolute oo'z* In this way 
we may obtain any number of points in the evolute ; how- 
ever, it should be observed, that its equation may be gene- 
rally expressed. 



a^ 



a} 



Cor, 1. When a?=0, r=-x=t ; that is, the radius of cur- 

ab b 



vature at b=zb= 



a' 



y 



Cor. 2. When x=a, IL=^- r — ^=—; that is, the radius 

ab a ' 

of curvature at A = o a = — . 

a 

Cor. 3. Since zb is equal to the length of the evolute 
zo'o added to oa, therefore the length of the evolute zo^o 

2 b^ a^-b^ 



a 

=rZB— OA=£ = r- 

b a ab 



The Cycloid, 

3. As this curve is not only interesting in itself, but im- 
portant in its application to mechanical science, we shall 
here notice some of its most remarkable properties. 




Let BP'PB be the cycloid ; lp''o the position of the gene- 

L 
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•rating circle, lo being the diameter perpendicular to b'b; 
App the position of the generating circle when it has rolled 
over one half its circumference ; then ap is the diameter of 
the generating circle and perpendicular to bb' ; hence b'b 
and AP are the axes of the curve ; from p' let fall p'm per- 
pendicular to AP cutting LO in Q, and the circle aj»p in p. 

(1.) Since PM=OQ, &c., the triangles pmj» and oqp' are 
identical ; therefore o p' is equal and parallejl to pp ; and 
similarly p'l is equal and parallel top A. 

(2.) It has been shown {Ex. 5., page 113.) that p^l is the 
normal to the point p, and therefore op'r forms a tangent 
to the curve at p'. Hence we have the following easy rule 
for drawing a tangent to any point p' in the cycloid : from 
p' draw PM perpendicular to the axis AP^and from the point 
Pi where that line cuts the generating circle on the axis, 
draw the chord pi?, and through p' draw op'r. parallel to 
pF, and it will be the tangent required. 

(3.) Let tt' touch the generating circle op' la' in the 
point p', then, from an 'obvious property of the circle, the 
tangent rp'o will bisect the Z. mp't'. 

(4.) To find the equation to the cycloid, taking the 
vertex p as the origin. 

Since circum. semicircle App=AB, and arc Ap=arc lp' 
=LB, therefore, by subtraction, arcpp=AL=Pjp. 

Let PM=a?, MP'=y, AP=2r ; then 

y=Mp+p'j»=Mj» + arc Pjo ; 

but arc vp=^r versin-^ -, and Mp= v am . MP=(2rar— a:^)^ 

/. y=(2ra?— ar*)*+r versin-i -; 
_ (r—x)dx rdx ^ (2rx—x-)^dx ^ 



• • 
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which is the differential equation of the cycloid^ taking the 
vertex p as the origin. 

(5.) To find the length of the cycloid. 

/. s=ty'=J\~-J rfo:=2\/2ri + c;. 

and G=0^ since «=0 when x=0; 

/. arc pp'=2 '^2rx=2pp ; 

that is^ the arc of a cycloid is equal to twice the chord of 
the corresponding arc of the generating circle. 

When a?=2r, the arc of the semicycloid=4r= twice the 
diameter of the generating circle. 

The rectification of this curve was discovered by Wren. 

(6.) To find the area of the cycloid. 
Here, by integration of parts^ 
area pp'M=/ycfe=ya?— /iw/y 

-=ya;— /(2ra:— ar*)*£ir, by eq. (1), 
r=ya:— cir. area ppM. 

When a:=2r, y=AB=irr, and cir. area pjom becomes area 
semicircle pj»A=^'jrr^ ; therefore area of the semicycloid 
PBA=27rr2— ^»r*=firr*, and area of the whole Cycloid = 
3jrr*=three times the area of the generating circle. 

(7.) To find the radius of curvature of the cycloid. . 

By Ex. 5., p. 113., we have, 

dyj,2ry--y^ .^ ^.(^^^[ 
dx y ' ' * \dx) y ' 

L 2 
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differenliatmg.this latter result^ we have. 



dy^ <Py_ dx _^^ ^. 
dx ' etc*"" y* "" y^ ' dx' 

substituting these values in the formula for r'^ we 
have, 

.". R=2'!/2ry=2^^BD7BR=2PB (see^^. p. 21.). 

Hence it appears that the radius of curvature to anj point 
in the cycloid is double the normal to the same point. Thus, 
in Jig. p. 212., if 6vb' be the cycloid, and the lines Po the 
radii of curvature, then the axis bb' will bisect all these 
radii. From this property it may readily be proved by 
common geometry, that the evplute BOO is a cycloid precisely 
the same as the semicydoid bpy. 

4. In the cubical parabola, Za^y^a^y and the radius of 
curvature r=-— 7^— j — ^- 

5. In the rectangular hyperbola referred to its asymptotes, 
xy=m^, and R= ^ g^, -. 

6. In the catenary, y=-(6<' -he ^), 

±^i(^^e-h ^-_£ and • B=^ 
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To express the limiting Value of the Sum af a Series in the 

Form of a definite Integral, 

123. The sum of a series may be expreased by placing the 
symbol 2 before its general term. Thus, if A a; be put for 
the increment of the rariable «?, and/(;r) Lx for the general 
term of a series, we have 

2«-K«-iVi« jy.^^^ ^ ^ j =:y(a)A X -f/(a 4- A ar) A ar +/(a + 2A ar) A a: 

-f ...+/(«+«— lAar)Aa'...(l), 

where 2 symbolises the word sum^ and the general term 
f(x)^ is the type of a series of terms, connected by the 
sign of addition, taken from a;=a to a;.=;^-f («•— l)Aa:, the 
increment of x in passing from one term 'to the next suc- 
ceeding one being Aa:; hence we say that the whole symbol 
indicates the sum of a series taken between the limits a;=:a, 
and a:=a + (w— l)Aa?. With the view of leaving the limits 
indefinite, in order that they may be assigned to suit the 
peculiar conditions of a problem, the sum of a series is 
sometimes simply expressed by 2/(a;)Aa?. 

In the curve aqp let AM = a, AN=a?, NP=y==/(«). 
Let' MN be divided into n equal parts, viz., Mr=r/=&c. 
=Aa:; and on these bases let rect- 
angles be constructed as in the an- 
nexed figure. Then MN = a? — a; 
x—a 



Mr or Aa?= 



n 



• • 



wAa? = a? — a. 




n g v » 



Also from the equation to the curve, 

y=/(a?),»MQ=/(a), r*=/(a+Aa?), 

^o=s/(a + 2Aar), and so on, the 

(«— l)th ordinate gp=f{a-^n—l Ax) ; hence area rectangle 

Qr=MQ.Mr=/(a)Aar, area rectangle st=rs . r^=/(a+ Aa?)A4:, 

and so on ; the area rectangle j»n=^j9 . gs=f{a -f »— 1 Aa7)Aar. 
Hence it appears that series (1) expresses the sum of all 

I. s 
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the rectangles inscribed in the curved space mqpn. But 
since a-f («— l)Aa;=AN— ^N=a;— Aar, this series may also 
be expressed by -S^^[/(a?)A(r}. 

Now, Art. 113. eq. (1.), the sum of these rectangles ap- 
proaches nearer and nearer to the area of the curve hqpn 
as Ax is diminished, or, what is the same thing, as the 
number of parts n is increased. But, by Art. 113., area 

MQPN=/ f(x)dx', 

.\fy(x)dx=Umit of Sr^[/(a?)Aa?]...(2). 

This theorem is very important as it regards the applica- 
tion of the calculus to mechanics, and indeed to almost every 
'branch of general physics. 

The indefinitely small rectangles (or other portions into 
which we suppose the integral quantity to be divided) are 
called elements; thus the limit of /(a?)Aa? or /(a?)6fo is the 
element. 

124. As a geometrical illustration of this theorem, let 
AQP be a straight line (see the last Jlg^), and y=x its equa- 
tion ; then we have for the sum of all the rectangles inscribed 
in MQPN, 

5 «-^{a;Aa?} =aAx+(a-|-Aa?)Aa?+ . . . -|-(x— Aa?)Aar 

=(a-f a?— ^a?) — s— » by sunmiing the saries, 

afi—a* (x—aY , ^ x—a 

= — 5 o y since Ax= , 

2 2n n 

', when n=soD; 



2 

which is the area of the trapezoid mqpn. 
Now we have also by integration 

areaMQPN=/ xdx^ — ^—\ 

which verifies the theorem in this particular case. 
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125. The method of dividing a quantity into elementSy and 
then taking their sum, may be readily employed for finding 
expressions for areas, length of arcs, &o. For example, let 
it be required to find an expression for the volume of the 
solid generated by the revolution of the curve apqm about 
ihe axis am. (See^^. page 196.) Here, taking as our ele- 
ment the cylinder generated by the revolution of the rect- 
angle NMLP ; then assuming that the solid aq ^ is the limit 
of the sum of all the infinitely small cylinders into which we 
suppose it divided, and of which ry^Ax is the type or general 
form, we have 

limit S/-^ {«3^*^a?} =»/ V^=v» 

or the volume of the solid aq y. 

In all formulae connected with the application of the cal- 
culus, it is important to observe, that the second, as well as 
all higher powers of Aa?, may be neglected, since, when the 
limiting value of such formulae is taken, any error arising 
from this source must vanish. 



APPLICATION OF THE CALCULUS TO MECHANICS, &c. 
Centre of Chravity of Plane Surfaces. 

126. The property of the centre of gravity of any plane 
surface MQPN(=m) is as follows {oG^fig, page 221.) : Let the 
whole area be divided into any number of parts ; then, sup- 
posing the surface to turn about Ay as an axis, the sum of 
the moments of these parts is equal to the moment of the 
whole area considered as acting in its centre of gravity g. 
From this property the distance, G»»(=x), of the centre of 
gravity G from the axis Ay is determined; and in like 
manner the distance, Gn=T, from the axis Ax is determined. 

Let the surface mqpn be divided into elements or indefi- 
nitely small rectangles, as in Art. 123. ; then the moment of 
any one of these rectangles will be its area multiplied by its 

-L 4 
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distance from the axis of motion xy : hence, adopting the 
notation there given* we have 

moment element Np= area Np x AV*=::Qnf^x, 
,% the sum of the moments of all the rectangles Qr, 
«^, . , ,, Np=2*~^*{'^^*} > where on/ is some function of ar; 
but moment area MQFN=area mqpk x Qm=m.x, 

/. m.:s^^ limit of 2^^* [xy^] =fxydx, 

by theorem (2) Art. 123. ; 

r 

m 

A similar expression may be found for the value of t ; 
but one more convenient for calculation is determined as 
follows : — 

Conceive the surface Anp to turn about a:i? as an axis; 
then the moment of anj one of the rectangles Qr^ «/^ . . . , nj9, 
will be its area multiplied by the distance of its centre of 
gravity from a a;: hence, if o be the centre of gravity of the 
rectangle Np, we have 

moment Nj»=area Np x og^^y^x x ^y=^y^^Xi 

/. w. Y= limit of 2'«^^{iy^Aa;}=^/ y^dx. 



I ^ y*dx 



* • Y^TT. • • . (^ J. 



When AH2=asaO, then we have for the centre of gravity 

of APN, 



/ xydx 



om orx=5=^^ • , . (3), 

m 

* Here a n may be taken as the distance of tl e centre of gravity of 
the element vp from the axis Ay, since wnen the limits are taken an/ 
error from this aasumption Tanishea. 
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and Gtn or Y=^^ . . . (4). 



Ex. 1. Let AQP be a parabola; required the centre of 
gravity of an p. 

Here t/^=4ax, and hy Ex. 2., Art. XX3., 
m=z area apn= ixy= ^a^x% 
therefore by formula (3), 



/xt/dx I 2(^3^dx 



G»iorx=± 

4^U 






Also from formula (4), 

y^dx I 4axdx 

= |oM:=|y«fisrp. 

2. Let ANP be a portion of a circle, an being a line pass- 
ing through the centre. 

Here y=(2aa?-a;2j* jg ^q equation to the circle, 
.% / xydx^l x{2ax^x^ydx 

= -A (a--x)(2aa:-'X^^dx+r'a(2aX'^x^)^dx 
• =—l(2ax—xV^+ a. circ. area anp; 

• ^- t/ _. — i(2gg--a?^)*+ q. cir. area anp 

m cir, area athp 

L 5 
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3 circ. area anp 
fU^dx r'(2ax'^x^)dx 

""2 cir. area anp' 

4a 
When arsza, anp becomes a quadrant; then x=a — 5-, 

and T=-- . 



Centre of Crravity of a Solid of Revolution, 

127. Conceive apn to revolve about the i^s a at, then 
the solid that will thus be formed will obviously have its 
centre of gravity somewhere in the axis a a?; let n be the 
centre of gravity, put An=x, and volume solid =991. Now 
regarding the solid to be made up of a series of cylindrical 
laminae, formed by the revolution of the infinitely small 
rectangles Qr, «^ ..., np; the moment of the whole solid, 
supposed to turn upon Ay as a fulcrum, will be equal to the 
sum of the moments of these cylindrical laminae. But the 
moment of the cylindrical lamina formed by the revolution 
of NP = solidity lamina x AN=Ty*Aa? xa?=iry*a7Aa: ; 

/• sum of all the moments of these laminae 

=2*"^ (»y*arAa?} , where y*x is some function of ar ; 



• • 



-A* 

m.x = 



{wy^arAa;} =ir/ y^xdx, 






xdx 



«• Xi"— ' — • • • ( X M 
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Ex. 1. Let the body be a segment of a sphere : 

then, integrating between a;=0, and a?=a:, we have 

y^xdx=§ {2ax—x^)xax=^—^ j, 

and Ex. 2, p. 200., w=ir(aa:2— ^y) ; 
*/ y^xdx 

• 'B'— A«— .*Z? : 



.*, X=A«=s' 

m 



_ nfgar^— j:a;*) __ x(fia-^x) 



When the segment becomes a hemisphere, then x=a, 

. 6a 

and x=-Q-« 

o 

2. Let the body be a paraboloid : 

y^=4ar, 

.•• / y^xdx^j 4ax'^dx=:^x^y 

and Ex. 3. p. 200., m=.^K?/^x=2vax^, 

^ry^xdx 

7» 2gi;aa;2 ^* 



Centre of Crravity of a Curved Line. 

litB. Let arc Qp=*, arc j»p=Aa? (see fig, p. 221.), the 
other notation being the same as in Art. 12^. Supposing 
the curve to turn upon A a; as an axis or fulcrum, then the 
moment of the whole arc qp will be equal to the sum of the 
moments of the arcs Q*, «t?,..., j»p. Now the moment of the 
arc pj»=PN . pp==yAj ; 

/• sum of all the moments of q«, sv^ ..., pv=J,yLs ; 

L 6 
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.*. s . Y=limit of l,yLs:=J'ydSy 
... r=i>* . . . (1). • 

Similarly, s==^ ... (2). 

s 

Ex. 1. Tq find the centre of gravity 
of the circular arc dp. k 

Let CN=ar, NP=y, cp or CAr^a, 
andDP=5; then ^ 

• ^ - adx a ^x 

y^=a^—x\ and da^- 



^' f »i 



f yc?5= # adx^axy ,\ by eq. ( 1 ) 

_" 







If DK be taken equal to dp, then the centre of gravity G 
of the arc pdk must obviously lie in the line cd, 

ctx ax2x radius . chord pk 
8 2s arc pk 



Acceleration of Motion hy given moving Forces. 

129. When a body descends freely by the force of gravity, 
tiie moving force is measured by the weight of the body, or, 
what is the same thing, by the pressure which it would exert 
upon any obstacle. If the resistance of the air be takeii into 
account^ then the moving force, at any instant, is measured 
by the weight or pressure of the body minus the opposing 
pressure or resistance of the air. Thus, therefore, moving 
forces are measured by the unbalanced pressure exerted on 
the moving body. In the case of gravity, the moving force, 
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or pressure producing motion, being constant, the descending 
body acquires equal increments of motion in equal times. 

Let p and p, be the moving pressures exerted on two 
equal bodies, and f and f^ the increments of velocity which 
these moving pressures respectively produce in the same in- 
terval of time (p and p^ being supposed constant during this 
interval), then it is determined by obsei^vation and experi- 
ment, that PtPy!Z/!X> that is, the moving forces or 
pressures are measured by the increments of motion they 
communicate in the same time. 

Let the pressure p^ be the weight w of the body, then f^ 
will be equal to g (=32^), the increment of velocity com- 
municated by gravity in one second^ 

.-. p : w ::/: g\ :. p=^./, . . (i). 

For example, if/=i^i then p=7W, that is, the moving 
force is one-half that of gravity. Now regarding the incre- 
ment of motion, communicated to a body by a moving pres- 
sure in one second, as the measure of that moving pressure ; 
let v be the velocity of the body acquired in t seconds, the 
moving pressure at the end of that time being measured by 
f\ and let At; and t^f be the corresponding increments of v 
and y* in the increment of time A^; then if the force /were 
acting uniformly for A^ seBonds, /x A^ would be the incre- 
ment of velocity, and if the force /-f- A/ were acting uni- 
formly for A^ seconds (/H-A/) A^ would be the increment of 
velocity ; and it is obvious that Av is intermediate between 
these. Hence as A^ approaches 0, we have 

li^itofC^^^'=limitoffl+^Vl, 
/, tt fortiori, limit of ^ — r=l, that is, 
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» 

Sttbstitnting this value of/* in eq. (1) 

w ._w dv . 

9 g dt ^ ' 

Let 8 be the space described in t seconds, and v the velocity 
acquired in that time ; and also let t^s and At? be the incre- 
ments of space and velocity in the increment of time A/L 
The space which would be described in A^ seconds with the 
uniform velocity v is vA^, and that which would be de- 
scribed in the same time with the uniform velocity v + A v is 
(v -K Ai;)A^ It is obvious that A« is intermediate between 
these. 

Hence^ as A^ approaches 0, we have^ 
lindt of <l±^'=liinit of ri + -) = l ; 

.% fi/or^n, limit of 7-^=l> that is, 

V . Ac 

1 ds_ _jds . . 

Differentiating this equation with respect to t, we have, 
^=^ ; therefore by eq, (2), 

dv_^ 

Multiplying (2) and (4), 

fd8=,vdvy 0Tf='-j- . . . (6). 

Substituting this value of/ in (1), 

w ^ w vdv ,»_. 
g*" g ds 

Equations (6) and (7) are generally most easily applied 
to the solution of problems. 
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Examples. 

1. Let the accelerating force be constant, as in the case of 
gravity. 

Here, putting g iorfy we have, by eq. (2), 

dv=:gdt ; therefore by integration, 

v=gt'^c ; 

if ^=0 when t;=0, that is, if the motion commences with 
the time, then c=0, and 

v=gt 

By eq. (4), d8=^vdt=gtdt, by substituting the value qf v ; 

hence by integration, 

_gt^_yt 

*~ 2 "T 

These results are the same as those derived in (15) page 
29. 

2> A body falls towards the centre of the earth ; it is re- 
quired to find the motion of the body, assuming the force of 
attraction to vary inversely as the square of the distance 
from the centre. 

Let r=the radius of the earth, ^=:the force of attraction 
at its surface, a=the distance of the body from the centre 
at the commencement of its motion, and a;=its distance at 
the end of t seconds ; then 

f ' n " — ' — • • r — -' 

J • y •• a?» • r*' '^-^ a^ ' 

substituting this value of /in eq. (6), observing that in this 

'case s^a—Xy and /. ds=—dxy we find 

r^gdx J 

^—=vdv ; 

x^ 

m 

therefore by integration and reducing, 

X 
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The constant c depends upon the initial velocitj of the 
bodj, that isi upon the velocitj which it has at the com- 
mencement of the motion. Let v=zO when a;:^a, then 

. ^9_g^>^ 2r«^_ 2ra^g^ar) 
X a ax 

When the body arrives at the surface of the earth, then 
x=^ry and 

If a be infinite, then < = 1> and 

' a 



Supposing, IhereforCy that there is no resisting medium, 
if a body be projected vertically upwards with this velocity, 
it would never return to the earth. Taking the radius of 
the earth to be 4000 miles, this velocity will be about 7 miles 
per second. 

3. To find the vertical motion of a body near the surface 
of the earth, supposing the resistance of the air to vary as 
the square of the velocity. 

When the velocity of the body is unity, let the resisting 
force of the air be m, the accelerating force of gravity being 
g ; then the resisting force of the air, when the velocity is r, 
will be represented by mv^ ; therefore the force accelerating 
the body when its velocity is t;, will be 

f=g—^v^ ; 

therefore by eq. (2) we haTC, 

, dv 
g-mv^=^, 

dv 1/1 1 ^^ 

.% de= r=-— T ( -i r-+-] T-)dv; 
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where the constant is 0, since v=0 when ^=Q* 

This expression determines the time in terms of the 
velocity acquired ; and by an easy algebraic artifice, we can 
find, from this e(][uation, the velocity in terms of the time. 

To find the space *, we have by eq. (6), 

vdv=^fd8=-{g—mv^)d8\ 

vdv 
.\ds=z 

g^wxr 
and t;=0, when «=:0, /, 0=—^— log g-VQ^ 

Formula relative to Work done hy a Variable Pressure, 

130. Let p lbs. be the variable pressure applied to the 
body when it has moved over x feet, and u the work done 
over that space ; then rfu=Pffo7. 

Let A a; be the increment of space, corresponding to Au 
and Ap tjie increments of work and pressure respectively; 
then Au will obviously be greater than p x A«r, and less than 
(p-f-Ap)Aa: ; but we have 

- li^t of (Lt^£)^= u„,it of A +^i = 1, 

P. Aa? \ p y ' 

/. afortioriy limit of = 1, that is, 

1 rfu _ , _ ,,. 
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Or thus: suppose the piston* of a steam engine to be 
moved from ep to DC under any variable pressure. 

Let /=AD the total length of the stroke ; 
a=AE the space through which the steam 
acts with a uniform pressure ; P| .= the 



E 



A« 



f» 



U 



pressure at ef, where the steam is cut off k 
from the -boiler ; ic=AK the height of the 
piston at KQ when p is the pressure of the 
steam; Aa;=Kn where nm is the position 
of the piston indefinitely near to kq; and 
u= the work done from ef to Da 

Now suppose the pressure p to act uniformly through the 
small space Ax, then px Ao; will represent the work done 
through this space, and £pAa; will represent the sum of all 
the elements of work done from ef to dc; moreover since 
p is always some function of Xy we have by theorem Art. 123. 

u= limit of 2pAa:=/ vdx . . . (2), 

which is the same as the preceding expression. 

Ae work done from ab to ef will obviously be repre- 
^nted by aPp hence for the total work we have 



Ui=aPi+/ 



vdx 



* • • 



(3). 



Cor J 1. Let w be the weight of the mass moved, 

then u=-H— • (See " Exercises on Mechanics," p. 89.) 

Differentiating this equation, we find 

. • (4). 
therefore by equating with (1) 

• (5), 



-rar 

rfu = — . vdv 
9 



Tdx=—vdv 
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which is the same relation as (7) Art. 129. 

Substituting in this equation the value o£ ds or dx ob- 
tained from (4) Art. 129., we find 

w dv ,_v 

""^-ff • Tt " ' ^^^ 

which is the same relation as (3) Art. 129. 



Examples. 

1. To find a general expression for the work done upon 1 
inch of the piston of a steam engine, when the stesCm acts 
expansively ; assuming that the law of Mariotte applies to 
the expansion of steam. 

Here, using the notation and figure of the preceding 
article, we have 

By Mariotte's law, p= — \ 

/. /p«for= / — ^ — =aPilog ar+c, . 
I^ence by formula (3), we have 

Ui=ap,H- / pdir=aPi-{ 1+ log - !-. 

2. Let w lbs, be the weight of a railway train, t?/ its v^ 
locity in feet per second at the moment the steam is turned 
off, q the coefficient of the friction of the rail, p lbs. the re- 
sistance of the atmosphere to the whole train when the speed 
is 1 foot per second. Required the space which the train 
will move over before it stops, &c 

In this case we shall employ formulae (5 j and (6). Let v 
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be the velocity of the train when it has passed over x feet, 
then the retarding force or pressure at this point is 

therefore by formula (5) 

—{qw-\-pv^)dx=—,vdVy 
^ - w vdv 

hence by integration, we find 

«= -2^ log (S' w 4-iw2) + c, 
and since x=-0, when v=v^ 

.•. 0=-2^1og(^w+^r,«)+C. 

•• 2pg ° qw+pv^' 

which is an expression for the space moved over when the 
velocity is t;. When t7=0, that is, when the train comes to 
a state of rest, we find the whole space moved over to be 

2pg ° I qw i 

To find the time t, we have by eq. (6) 

,' w dv 

w dv w dv 



• dt^^ • - — o — ■ — • — ■ — 

g ^w+pi?8 pg ^w 



P 



tflam V ^w ^ 



by forms (c) page 139. 
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When ^=0, i7=t;^, and 






^=-n^t^° V ^"^'^^ 



p\g^y V 5^W ' ^ ^'W J 

which expresses the time corresponding to the velocity v. 
When t7=0, that is, when the train comes to a state of rest, 

we find the whole time to be -t — ; tan-^ a / — v . 



Centre of Gyration. 

131. It is shown in the Author's " Exercises on Me- 
chanics," &c., p. 92., that the work accumulated in a rotating 
body is not altered when the whole mass is collected in its 
centre of gyration ; and moreover that the work in any 
rotating particle is equal to its weight in lbs. multiplied by 
the square of its distance from the axis of rotation divided 
by 2^, the velocity of a particle at 1 foot from the axis 
having a velocity of I foot per second. Let m be put for 
the volume of the body, w the weight of each unit, k the 
distance of the centre of gjration from the axis, Aw the 
volume of any small particle at the distance r from the axis ; 
then the weight of the whole body=«wi, the weight of the 
particle A»i=tt7A/w, the accumulated work in this particle 

fjQ^mr^ 
=— o > and the accumulated work in the whole body 

~ 2^ ' therefore the work accumulated in all the particles 
composing the body may be represented by ^ Sr^Am, 
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'^*=limit of ^ Zr»Am ; 



• • 



2^ 2g 



now since r is always some fanction of m, therefore bj 
theorem, Art. 123., and striking out the common factors, 
we find 

«iA2=limit of Sr2A»i=/r2rf»» ... (1), 

where the limits of the integration are left to be assigned bj 
the nafure of the problem which may be proposed. 

The moment of inertia of a bodj is equal to its volume 
multiplied by the square of its radius of gyration. Thus 
if 1 be put for the mon[ient of inertia^ then i=mA^ ; and 
eq. (1) shows that the inertia of a body is equal tQ the sum 
of all the moments of inertia of the particles composing it. 

Hence if v be put for the velocity of a point 1 foot from 
the axis, the work accumulated in the rotating body 
_ __^ weight X velocity^ _tg»i x (vky__wv^ 

Examples. 

1. To find the radius of gyration of a uniform rod ab 
revolving about its extremity a. • 

Let us first solve the question without the aid of the 
calculus. 

Put a=the cross section of the rod, 

/=rAB; and let ab be divided into n : 

• 7 b 

small equal portions, then — will be the 

/ 2/ 

mass of each, and their distances from a will be -, , 

n n 

— , ..., — ; therefore the sum of their moments of inertia 
n n 

will be represented by 



li ll llllJ 



N B 
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\nj n \nj n \nj n \nj n 

If 1 aZ^ 

=a/3._|i2^2»+ -•. +«5 [= y, when«=a, 

by (12) page 27. • 

Now this is equal to the moment of inertia of the whole 
rod, supposing its matter collected in its centre of inertia, 
hence we have 

' _a^ ,___/ AB 

which is the radius of gyration. 

Let the rod extend to the left of a, making ads^ab ; then 
if k, be put for the radius of gyration of the rod db, rotating 
upon its middle point A as an axis, we have the moment of 
inertia of the two parts ab and AD=2alk^, by eq. (1) ; 

and moment of inertia of the whole rod DB=2a/A^^ ; 

/. 2alkJ^=:2alk\ 

•• ^ v'3~2>/3' 

Again, let AN=ar, and the length of an indefinitely small 
portion at N=Aa;; then the volume of this small por- 
tion =iaAXy and the volume of the rod AN=aa;, hence by 
formula (1), 

ax X A2=limit of 2(ir* xaAx) 









a?« 



.•. k^sss — . and A= — 
' • 3 ' . v3 

when a?=/, then ^=-7^=— 7b« 
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2. To determine the radius of gyration, &c. of a circle 
CDQ revolving about its centre o as an axis. 

In order to illustrate the process of 
reasoning pursued in this subject, we 
shall solve the problem independently 
of the general formula (2). 

Here let us suppose that the circle 
is made up of a series of concentric 

rings as abfgb ; put o A=ar, ab=A2;, 

and oc=a; then the volume of the ring ABFG=Tr(:ir-|-Aa?)2 
— ira?2=2flra?Aar, neglecting (Aar)^ accordingto Art. 125. ; hence 
the moment of inertia of this ring =ar2 x (vol. ring) = 2icx^^x ; 
and as this may be regarded as the general type of the 
moments of every ring in the series making up the circle, 
the sum of the moments of all the concentric rings may be 
represented by 2vZx^^Xy 

/, I = limit of 2Tr2;c^Aa? 

» 

taking this between the limits of x=zx, x=^aj that is, making 
successively ar=a, ic=ar, and subtracting, we find 

l=-2'"'"2"^2^'' ar*)...(l), 

which is an expression for the moment of inertia of the cir- 
cular ring BCDFQ. Let k be the radius of gyration of this 
ring, then 

1= area ring x A*=:w(a'— a*)** ; 

/, A={i(aHa:3)}J...(2), 
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which is an expression for the radius of gyration of the cir- 
cular ring B c D G p. 
Making x=0, we obtain 

A=-^...(3) ■ 

which is fin expression for the radius of gyration of the 
whole circle cdq. 

Making a?=a in (2), we obtain 

k=a . . . (4). 

It is obvious that these formulas will not at all be altered 
by supposing the circle to have any given thickness ; hence 
formula (2) is an expression for the radius of gyration of 
the rim of a fly wheel, (3) that of a circular wheel of 
uniform thickness, (4) that of a circular hoop revolving on 
an axis passing through its centre and perpendicular to the 
plane of the hoop. 

If h be put for the thickness of a hollow cylinder, whose 
external radius is a, and interior radius b; then by eq. (1) 
we have the moment of inertia 

If 6=0, then we have for the moment of inertia of a 
cylinder, 

i=-^...(6; 

3. To determine the radius of gyration, &c. of a sphere 
revolving about its diameter. 

Let Ax he the thickness of a thin lamina, formed by planes 
perpendicular to the diameter, x being put for its distance 
JjBom the centre of the sphere ; also let a= the radius of the 
sphere, and y= the radius of the thin lamina. Now, since 
this lamina may be considered as a thin cylinder, its moment 
of inertia =: Jwy»^a:, by eq. (6), Ex. 2. But the moment of 
inertia of any zone of the sphere is equal to the sum of the 
moments of all such thin laminae making up that zone, 

u 
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/. i=limit of 2(fiiy*Aar)=^»y }^dx. 
Now by the equation of the cirde y2=a'— a:*, 

which is an expression for the moment of inertia of a zone, 
whose breadth, measured from the centre of the sphere, is x. 

When :r=a, we have the moment of the semi-sphere 
=^^a^; and therefore the moment of the whole sphere 




=tV«*- 



Strength of MateridL 

132. When a beam a b undergoes a transverse strain, by 
the pressure of a weight w placed 
upon it^ the material on the upper 
side ad v& compressed, while that 
on the under side a' df is extended. 
That imaginary point n within the 
section of rupture a d y which nei- 
ther undergoes compression nor 
extension, is called the neutral axis of rupture. 

When the lower fibres of a beam are upon the point of 
yielding to the force of extension, at the same time that the 
upper fibres are upon that of yielding to the force of compres- 
sion, then (supposing the beam to remain nearly horizontal) 
the sum of the forces extending the j^bres on the under side 
of the neutral axis are equal to the sum of the forces com- 
pressing the fibres on the upper side. 

Let rf=the depth of the beam ; 

&=its. breadth ; 

a, a^=:the respective distances of the neutral axis n from 
the top and bottom of the beam ; 
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^y)=the compressive and tensile forces respectively 
exerted bj a sq. in. of the material at the dis- 
tances a and a^ from the neutral axis ; 
/=;AB, the distance between the supports ; 
x-=invy a variable distance from n. 



To find the Position of the Neutral Axis in Rectangular 

Beams, 

Assuming that the force with which a fibre resists com- 
pression or extension, as the case may be, is in proportion 
to the extent of compression or extension of that fibre, hence 
we have 

compressive force per sq. in. at t;=— ; 

area of the element of surface at v=zb^; 

/. compressive force of the element of surface=-- x b^x 



a 



/. sum of all the compressive forces =—S^« A;*? 



a^o 



^ftr\dx=^. 

Similarly we have 

of all the tensile forces =:^ / *xdiP=*^^ 



sum 



But these are the only horizontal forces acting upon the 
fibres; 

•• 2 " 2 ' 
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which expresses the relation of the distances of the neutral 
axis from the upper and under sides of the beam. 

Conditions of Rupture. 

Now when rupture is about to take place, the beam turns 

upon the neutral axis n, as a fulcrum ; hence' the tendency 

w 
of any fibre to resist the moment of the force ^, tending to 

rupture the beam, is the moment of the force of that fibre 
referred to n as the centre of motion. 

.•, Moment of the element undergoing compression = 
force of the element undergoing compression x its distance 

from the neutral axis =— a:Aa; x a;=— x^Aa? ; 

a a 

/, sum of all the moments of the forces of compression 

Similarly we have 

sunj of all the moments of the forces of extension 

\2dx^fMl . . . (3). 






But the moment of the pressure tending to rupture the 

w / 
beam, is expressed by o" >< o- ^ovr this moment must be 

equal to the sum of the two moments expressed by eq. (2) 
and (3), , 

* 

^utbyeq.(l),/a=/,a„ 
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"Now f^bd is the direct tensile strength of the beam, there- 
fore the transverse strength of a beam, loaded in the middle 
and supported at the extremities, varies as the direct tensile 
strength, multiplied by the depth of the neutral axis divided 
by the distance between the points of support. 

Cor. 1. When the force / with which the fibres resist 
compression is equal to the force f, with which they resist 
extension, we have, by eq. (1), 

therefore eq. (4) becomes 

* 

Con 2. If the beam is absolutely incompressible, ory==a) , 
then a=0, and a^-=-d. In this case eq. (4) becomes 

w=*4f ...(6). 

On this important subject, the student may consult Mose- 
ley's ^^ Mechanical Principles of Engineering,'' and Hodg- 
kinson's edition of '^ Tredgold on the Strength of Materials." 
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